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Abstract

This supplement contains additional technical material necessary to complete the proofs of theorems
of the main paper Aue & van Delft (2016). Section S1 contains the proofs of several auxiliary lemmas
stated in Appendix A of the main paper. Section S2 contains results on finding bounds for the denominator
of the test statistic. Sections S3 deals with convergence of the finite-dimensional distributions. Section S4

establishes the asymptotic covariance structure of the test under the alternative of local stationarity.
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S1 Properties of functional cumulants under local stationarity
Lemma S1.1. Let Assumption 4.3 be satisfied and c, ... 1, , as given in (4.6). Then,
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Proof of Lemma A.2. By linearity of the cumulant operation, consecutively taking differences leads, by equa-

2

tion (4.4) of the main paper and the triangle inequality, to
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using part (i) of Assumption 4.3. By (4.4),
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Similarly,
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which follows from part (iii) of Assumption 4.3 Minkowski’s inequality then implies the lemma. O

Lemma S1.2. Consider a sequence of functional processes (Xt(T) 1t < T,T € N) satisfying Assumption 4.3
with k = 2 and ¢ = 2. Then, this triangular array uniquely characterizes the time-varying local spectral

density operator

— Z Cune (S1.2)
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which belongs to So(H). Its kernel satisfies

(i) supy o, | fuwlz < 0 fori=1,2,

i=1,2,

(ii) sup,,, | £
2
(iii) supy, , | 3555 fuwl2 < o

Proof of Lemma A.3. Using Lemma A2, it is straightforward to show that (X/: ¢ < T,T € N) uniquely

determines the time-varying spectral density operator, that is,
f |F) = Fuwlsdw = o(1) (T — o). (S1.3)

Existence of the derivatives follow from the dominated convergence theorem and the product rule for differ-

entiation in Banach spaces (Nelson, 1969). ]

Proof of Lemma A.4. The first line of (A.4) follows on replacing the cumulants cum (X (T) xD x (T))

(2T A 7 A 773

with ¢, /7ty 4y, tp_,—t, and Lemma A.2. The second line because the discretization of the integral is an
operation of order O(T~2).

By Assumption 4.3 (iv), the kernel of u — %ffu;wl R satisfies
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The dominated convergence theorem therefore yields

0
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Finally, integration by parts for a periodic function in L?([0, 1]*) with existing n-th directional derivative in

u, yields
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where the Cauchy—Schwarz inequality was applied in the second-to-last equality. The interchange of integrals
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is justified by Fubini’s theorem. Thus,

- 1 n .
20 o < T 200, [ oo |70 619
and (A.6) follows from Assumption 4.3 (iv). ]

Proof of Corollary A.1. For completeness, we elaborate on part (ii) of the corollary. Note that

1 Fowll2 < Sup 1Fuwllz <D
h

The p-harmonic series for p = 2 then yields

1 x?
Supz [E# 2 (1 + 2ﬂ)43> < o, (S1.6)
SEL
where the constant (27) = follows from (S1.5). O

S2 Error bound for the denominator of the test statistic

A bound needs to be obtained on the error resulting from the replacement of the unknown spectral operators

with consistent estimators. It will be sufficient to consider a bound on

\Fm (I1,12) — }(LT)(llal2>|



for all [1,15 € N, where v(T) is defined in equation (3.1) of the main paper. Consider the function g(x) =

1/2

x4, x > 0, and notice that

%(LT)(ll,b) ( (I1,12) = p®) [9(?@1’[1)9@2’12))—g(?(ll’ll)?b’lz))]

*""J +h wj Wji+h wj Wji+h

HMH

Given the assumption inf,(F,(1),1) > 0 for all ¢ € H is satisfied, continuity of the inner product implies

that for fixed [1, [5 the mean value theorem may be applied to find
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where fﬂ(ujl’ 1)3”502;5) lies in between ?L(ujl’ I)Sﬂ(dfjrfl) and F,’ (l, ”3"&?4?. Because of uniform convergence of

fr”wj € So(H) with respect to w, it follows that
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With these preliminary results at hand, the first main theorems can be verified.
Proof of Theorems 4.1 and 4.5. In order to prove both theorems, partition (S2.1) as follows
T (ll)D(l2) _ E[D(ll)D(b) ]
L —Wjt+h Wi T Witrd (L) (a(lsle) _ a(layl2)
l 12 \/* Z ll,l1)?(12,l2))3/2 J ?w; 1 (EFCU]‘2+2 wairz )7 (52.2)
Jj=1 wj With
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The proof of both theorems are based on Corollary S2.1 and Lemmas S2.1-S2.4 below. These results together

with an application of the Cauchy—Schwarz inequality yield
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O, — under Assumption 4.1,
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2 1 .
o b+ a under Assumption 4.1.
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O VTv + > under Assumption 4.3.
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Minkowski’s Inequality then gives the result. O

Corollary S2.1. Under Assumption 4.1

A 1
B3 - 5] = O +0) (=), 526)

while, under Assumption 4.3,

- 1
E[||F - G )13] = (bT + b4> (T — ). (S2.7)
Proof. See Panaretos & Tavakoli (2013, Theorem 3.6) and Theorem 4.4, respectively. O

Lemma S2.1. Let (9(11’12) J € Z) be a bounded sequence in C for all 11,1y € N such that inf g(ll’b) > 0.

J J
Under Assumption 4.1 and under Assumption 4.3,
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Expanding the expectation in terms of cumulants, one obtains the structure
E[(X —EX)Y][(W — EW)Z]
= E[XYWZ]| - E[W]|E[XY Z] - E[YWZ|E[X] + E[W]E[|X]E[Y Z]

=cum(X,Y, W, Z) + cum(X, Y, W)cum(Z) + cum(X, W, Z)cum(Y)



+ cum(X,Y)cum(W, Z) + cum(X, W)cum(Y, Z) + cum(X, Z)cum(Y, W),

where X, Y, W, Z are products of random elements of H. Hence, by the product theorem for cumulants, only
those products of cumulants have to be considered that lead to indecomposable partitions of the matrix below
or of any sub-matrix (with the same column structure) with the exception that (Y') or (Z) is allowed to be

decomposable but not within the same partition.
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That is, the order of the error belonging to those partitions has to be investigated for which the cumulant terms

that contain an element of the sets {ngll), p'") } and of {D ll) D(l2

—uh also contain at least one element

St
from another set. Because the process has zero-mean, it suffices c0n31der partitions for which m; > 2. By
Lemma A.1 of the main paper, a cumulant of order % upscaled by order 7" will be of order O(T—*/2*1) under
Hy and O(T_k/ 2+2) under the alternative. This directly implies that only terms of the following form have to

be investigated:

1/27\2 & I wjr wjr
T <b> Z Z K( bl > K< b2 ) cumycumscums, (S2.9)
Juge=141,44=1
1/27\? & & Wi y
T <bT> Z ) Z K( ;1 > K( ? > cumgcumacums, (S2.10)
Ju,j2=141,54=1
1727\ & & wir .,
<bT> ‘ Z Z K( ;1 ) K( 2 > ClUMCUMoCUMCUMS. (S2.11)

from which it is also clear that (S2.9) and (S2.10) are at most going to be of order O(1) under the alternative
and of lower order under Hy. The term (S2.11) could possibly of order O(T"). Further analysis can therefore
be restricted to partitions of this form. As mentioned above, partitions in which a term contains an element

of the sets {th p } and of {D_wj Dl } must contain at least one element from another set. It

—w 1+h Wig+h

follows that partitions in which m; = 2 for all ¢ € {1, ..., M}, without any restrictions on the summations,

are decomposable. We find the term of highest order is thus of the type

T
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xcum(D(ll) Dt )cum(le_l) D )= Supg2(ll’12)O(TT*1)=O(1)7

j1—d4 “ii—d} jh—ia “ia—ih j
under the null of stationarity and under the alternative, where the error is uniform in w. The bound in case

of the alternative follows from Corollary A.1 of the main paper. The result follows since, by the positive

definiteness of the spectral density operators, sup; | g§ll’12)| < oo forallly,ly e N. g
Lemma S2.2. Let (g; (1,l2), : j € Z) be a bounded sequence in C for all l1, 15 € N such that infy, ;, gj(-ll’b) > 0.
Then,
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H\f 2 () (pupts) —E[DﬁjﬂDi}ﬂJ)‘ ] _ T
0(1) under Hy.
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Under the null, this is therefore of the order O(T/T? + 1/T) = O(1/T), where is uniform over w. Under the

alternative, by Corrolary A.1 of the main paper, the last term can be estimated by

T
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for some constant C.



Lemma S2.3. Let (g, (I,l2), : Jj € Z) be a bounded sequence in C for all I, 13 € N such that infy, j, g(,ll’b)

i > 0.

Then,

_"J +h wj Wj+h wj Wj+h

H i (l2) g p) ] (g‘(h l1)3r(l2,l2) _ E[ﬂf(llall):}'(lQJQ)]) H

1
O — under Assumption 4.1.
<x/BT> b

1
Ol — under Assumption 4.3.
<VbT> P

Proof. Observe first that by the Cauchy—Schwarz inequality,

E[|J3(l, l2)[] < sup lg; (I1.l2 E[D(ll)D(ZZ) 1l

wj T TWith

)"

which follows because the term over which the supremum is taken is deterministic. In particular, it is of order

O(T~1) under the null and O(h~2) under the alternative. To find a bound on
|

T
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we proceed similarly as in the proof of Lemma S2.1. Observe that,
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l1) () l2) (l2) (1) (1) (I2) (I2)
% (ijgszD“"jgfng“’jgfjth Yig+h—j) E[D i5— JzD jo— Jngjﬁjthwszrhjﬁ])].

Write
E[(X —EX)]|[(Y — EY)] = cum(X,Y) — cum(X )cum(Y)

for products X, W of random elements of H. When expanding this in terms of cumulants, we only have to

consider those products of cumulants that lead to indecomposable partitions of the rows of the matrix below
(l1) (I2) (I2)
(X) D&Y . DLl DL g
( l11) 1 71+h 7y 12?) 1=t (S2.12)
UJ

. . UJ/ .
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In order to satisfy this, in every partition there must be at least one term that contains both an element of X
and of Y. A similar reasoning as in the proof of S2.1 indicates we will only have to consider partitions where
2<m; <4fori =1,..., M. In case of stationarity we only have to consider those with m; = 2 for all
i =1,..., M. In both cases at least one restriction in terms of the summation must occur in order for the

partition to be decomposable. In particular, it can be verified that the partition of highest order is of the form

T 4
1 2m l2) (12) (12) (12)
FX () X TIR(S ety 0, el 0t )
J1,j2=1 J1535:35:54=11=1

X cum(Do(Jll) D(ll) )cum(D(ll) D(ll) )
TR . w )

1 13 j2 J1—i1 “ig— i

_ 1 i 2 4 Z ﬁK wjr lz,lz L0 1 ?(12712) 0 1
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since | F 1—ja—7, i |2 < Clj1 — jo—ji +j4| 72 and | K (2/b)[ c = O(1), where the bandwidth leads to

+]37

only b1 nonzero terms in the summation over j;. The same bound can be shown to hold under stationarity. As

before, the error is uniform with respect to w which follows again from Corollary A.1 of the main paper. [

Lemma S2.4. Let (g, (h,l2), : Jj € Z) be a bounded sequence in C for all l1, 13 € N such that infy, j, g(,ll’l?)

j > 0.

Then,

‘\/7 Z (l17l2 ll) (l2) ](E[gj(ll,ll)g:(lg,ls)] o 3’:([1,11)9:([2712))
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*""J h Wi Wi+h

1
0] <62 + bT> under Assumption 4.1.

1
@) <\/T62 + b\/T) under Assumption 4.3.

Proof. First note that

1
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~

O(WT)  under Assumption 4.3.

Observe next that
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27 2 & Wyjq Wia (lh) (I2) (1) (I2)
- <bT’> Z K <b> K <b> (Cum(D“’J’l*jl ’ D""J?Jrh*jz )Cum(ijll*j’ D“’J?Q*j*h)

J1,J2=1

—i17 " Wiz—i—h —57 7 With—jy bT

Here, it was used that E[[é“g}’ll) — Stgjl’ll)\] < E[||F0; — Fo, 2w 2], |2 = OB + 1/bT) under Ho.
The same bound holds under the alternative, where F,, is replaced with the integrated spectrum G,,. Under

the alternative, write

27 2 & Wiy Wi A(l1,02) A(11,12) A(l1,12) A-(l1,12)
<bT> Z K<b>K<b) (?Jé—jl—h;“-’jfjl i}‘jl‘f‘h—]é?wjlfj + :}’h_]'l_]é;"-’jfjl :}‘j1+j2—h§wj17j

Ji,j2=1

1 RPN
+O(T> +O<b +bT> —O(b +bT>

where Corollary A.1 of the main paper was applied and where we used that the bandwidth leads to only 0T
nonzero terms in the summation. Under Hy, a similar argument shows that the term is of order O(b? + 1/bT).

The result now follows. UJ

S3 Convergence of finite-dimensional distributions

Theorem S3.1. Let Lemma A.1 be satisfied for some finite k > 3. Then, for all l;,1;' € N and h; € 7 with
i=1,... .k

1
Wcum(wg) Wityr)s - -y wh) (zplklk,)) —o(1) (T — ), (S3.1)

where w;(LT)(Lﬁu/) = <w,(LT), Yy and (Yyr - 1,1 € N) an orthonormal basis of L*([0, 1]?, C)

Proof. The proof is given in three parts, the first of which provides the outset, the second gives the arguments
for the stationary case, while the third deals with the locally stationary situation.

(1) Preliminaries. Fix 71,7 € [0,1] and h = 1,...,T — 1. It will be shown that the finite-dimensional
distributions of (w}(lT) (t1,72): T € N) converge to a Gaussian distribution by proving that the higher order
cumulants of the terms \/Tw}(lT) (V) = \/T<w}(lT),1/1w> vanish asymptotically. To formulate this, consider

an array of the form

(1.1) (1,2)
: : (83.2)
(k,1) (k,2)
and let the value s = ¢4’ correspond to entry (i, 4’). For a partition P = { P, ..., Py}, the elements of a set P,
will be denoted by s41, . .., S¢m, Where |P;| = my is the corresponding number of elements in FP,. Associate

with entry s the frequency index j, = jir = (—1)" 1 (j; + h?*l), Fourier frequency \;, = 2?5 and the basis
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s ',— . . . .
function index vy, = v = l?_lllgz Yfori = 1,...,kand i = 1,2. An application of the product theorem

for cumulants yields

4 T
cum( Z fojll)D( w)]1+h N Z ngkk) ((%)k+hk)

P ji=1
Z Z cum(DE\:Z): sepPp)--- Cum(Dg\v_s) 1 se Pp),

Js
J1yeesJke 4P
where the summation extends over all indecomposable partitions P = {Py,..., Py} of (S3.2). Because

X has zero-mean, the number of elements within each set must satisfy m, > 2. To ease notation, write

ph
wjk = <Dka ’ 1/1z> and
(?757%)5)‘19 NS Pq) = <ft/T;/\jq1,...,)\j mg 7® i 1¢vs ,>7

noting that the latter quantity is well-defined. An application of Lemma A.1 of the main paper yields

Q
S [eum(D{™): s e By) (S3.3)
: > q:1 Js

27r mq/2—1 ; ) 1
s —iy tA, .
- ZH [ Tmal2 ( Z T, ¢ T s e P") +O<qu/z)}
i.p. q=1
where under the null 3"57}) N = 3"&1;5). In the following, the proof is separated into the cases where the true
Js s

process is stationary and where it is locally stationary.

(2) Proof under stationarity. Recall that sup,, ||F, |2 < oo for all ¥ < k, and thus, by the

Wiy

Cauchy-Schwarz inequality, sup,, \&"E\ZS)| <wforse Pjandg = 1,...,Q. Therefore,

Zchm seP)

i.p. q=1

2 mq/2 1K 1
\ZH|: Trqu/Q qAT)(Z )\Js +O<qu/2>:|

i.p. q=1 sePy

for some constants K7, ..., K¢ independent of 7. Due to the functions AT there are Q constraints if Q < k
or if Q = k and there exists h;, and h;, such that h;, # h;, forii,i2 € {1,...,k}. On the other hand, if the
size of the partition is equal to k and h;, = h;, for all i1,i € {1,...,k}, there are () — 1 constraints. This

implies that

T
1 pH) (i) pi)
ren( X 000 S pn®)

-71 1 ]nzl
_ O(T n/QTnf(Qfl)THQn/QTQ)

_ O(T_n/2+1).
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The cumulants of order £ > 3 will therefore tend to 0 as 7' — 0.

(3) Proof under local stationarity. Write (S3.3) in terms of the Fourier coefficients as

1 S ! (vs)
T2 Z chum(D)\k‘::squ)

Jisesjk=11.p. q=1

27‘(‘ mq/2—1

1 @) L
= T Z ZH[ T2 ((fzsjs;xjs'sep)+O<qu/2>]

Jiyenjk=11.p.q=1

Note that, by Corollary A.1 and the Cauchy—Schwarz inequality,

c ~(
; ZSJS’ Ajs

forallg =1,...,Q.IfQ < korif @Q = k and there are h;, and h;, such that h;, # h;, foriq,is € {1,... ,k}

SHPZ ErmE H [boylle <0, se P,

JEZ

within the same set, then there is dependence on @ of the k sums jy, ..., j,. On the other hand, if the size of
the partition is equal to k and h;, = h;, forall i1,i5 = 1,...,k, then there are () — 1 constraints on ji, . . ., jn.

Thus, similar to the stationary case, it follows that the order is
O(T—k/QTk:—Q—i-lT—Qk/Q-i-Q) _ O(T_k/2+1),

hence giving the result. O

S4 Proofs under the alternative hypothesis of local stationarity

Completion of the proof of Theorem 4.6. To find the expressions for the covariance structure of \/T*y,(LT) and

its complex conjugate, use Theorem A.1 and Lemma A.2 of the main paper to write

COV( ()D(l2) D(ls) (la) )

Wi +hy T Wip —W32+h2

_ 2 (I la.l3 1) 1
71}-’( h1+h27wj17 Wi +hys— w]z) + O ﬁ
l1713 F(12,l4) l
[ (J1—d25wj;) O< ):| |:5U( —j1—hi+j2+h2;—wj; +ny) + O(T)]
G la) F2.05) 1
[ (J1+j2+h2;w;, ) < ) { —j1—h1—=j2,~wj; +hy) +0 <T>]

Thus,
Cov (VT (11, 12), VT (I, 1))
T (11 12,03 1) f}r(ll,h) F(l2,l4)
l Z {27" (=h1+h2swiy =Wy +hy,—Wiy) i (J1—J25wj1)" (=d1—hi+j2+h2;—wj; +hy)
14,1 1,1 (I,1 (Ll l1,l l3,l 12,l2) lg,l
T G(l 1)G(731]f1h1Gfi)]z)wazfgg)l/Q (G(l 1)G(3 3)G£i}]f+hlG£}?2f32)1/2

A(l1,la) (l2,l3)
(J1+i2+hasw; )Y (—j1—hi1—j2,—wj; +hq)

(G(E)l17l1)G(l47l4) G(lz,lz) G(l3713))1/2

Wig+hy ' —wjii fhy T —Wj,

12



(l1,13) (l2,04)
+O<1[ (1 —gziws ) + (=j1—hi+ja+ho;—wjy 4+ny)
(1
(G

1) (3,1 Io,l Tal
T Wiy )G(*swaz))l/Q (G(*i’Jf-)FMG‘(’J;f’L)l/Q
F(l1,la) T(l2,13)
?(j1+j2+h2 Wiq) i ff( Jj1i—h1 j2,wj1+h1):| 1)}
11,01) ~(la,l Ia,l2 15,1 2 ) (-
@Gl @, lyyel T
By Corollary A.1 (ii), this equals
T T T
S () = Tcov(ry,§1>(z1,52) 1 (13, 1)) (S4.1)
2 gl (I1,l2,13,l4) < (l17l3) 9~_~(l2,l4)
) J1.J2 (J1—d23wjy )7 (=j1—hi+j2+tho;—wj; +hy)
317]2
A(l1,la) F(l2,l3) 2£ Al 2,03 14) )
+3r(jl+j2+h2;wgl)?( J1—h1—j2,~wj; +ny) T?(*h1+h2;wj1v*wjﬁhl»*wjg)

o).

where U210 _ (gl glldo) allsds) Gllila) y=172 gimijary,

Ji.j2 “i1 Wir+hy T Wio Wig+ho
5(T T T
S () = TCov(y,(“)(ll, 12), 70 (I3, L)) (S4.2)
(I1,l2,l3,l4) ll,ls) 5-(l2,l4)
Z 191142 ( J1+j2,wj1)?(—jl—hl—jz—hz%—wjﬁhl)
lejz
(I1,14) (l2,13) 2T (11 1als 1) )
+ EF(Jl —ja2— hz,wjl)?(—j1—h1+j2;—wj1+h1) + T 3:(_h1_h2§wj1’_Wj1+h17wj2)

1
+o<T>,
g)h2(l4) TCOV(%(ZT)UM?) )3, 1)) (S4.3)

Z gl (I1,l2,13,l4) ( 11713) 5’“02 la)

J1,J2 (=g1+J2;—wj; )™ (G1+hi—j2—hoswj +hy)
]1732 1
(l1,la) A(l2,l3) Al 2,3 14)
+‘T( —j1—j2—h2;— wjl)?(]l+hl+]27wJ1+h1) i-TIV( —ha;— wjlij1+h17wj2)>
1
ol =
+o(z)
and
(T T
Sy () = T Cov (342 (11, 12), 74 (13, 1a)) (S4.4)
T
1 (11.l2,03,14) 3-(11,13) 5(12,l4)
= T 2 (9j17j2 ?(—jl—b;—wjl)?(J'1+hl+j2+h2;“’j1+h1)
Ji,52=1
(I1,l4) 5(l2,l3) 21 Al 12,03 la) )
Jr97( —j1+j2+ha;— wgl)?(h-*-hl —J25Wj; +hy) T?(h1+h2§_wj17wj1+h17_"Jj2)
1
o =.
+o()
This completes the proof. O
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Similarly, we find for the covariance structure of Theorem E.3:

T

1 - -
Thl,hQ (qblll/l lglé) = 'Il'gIcl)O T Z (<?]1 —Jj2;wjq (wlg)) wl1><§—j1—h1 +j2+h2;—wjl+h1 (Q,Z)lé)7 wl/1>
J1,J2=1
+<§J1+J2+h27wn wl ¢11><9~*J1 h1—j2,—wj; +hy (41, wl’>
2m ,~
+‘§T<3?—h1+hzwhﬁ—wh+hp—wm)@mz%)7¢7h%>>> (845)
1 & - -
Ty ho (Vg1 11,) = Jim T Z (<9j1+j2;wj1 (1)s P13 ){TF st — oy o, ()5 Pt )
J1,52=1
+ <?j1—j2—h2;wh (wl’g)’ wl1><gj—j1—h1+j2;—wj1+hl (Y1), wl'1>
2m
+ 7<3~ —h1—h2;wj ,—Wj; +hy Wis) (¢12l ) 1/}111' >> (54.6)
~ 1 L - .
Thl,hQ (¢l1la 121’2) = 711_{%0 f Z (<5t*j1+j2;*wj1 (wl2)7 Ql)ll><3rdj1-i-h1—]’2—}12;0-1]'14_}11 (szlé)a ¢1'1>
Ji,52=1
+<gj—11 —Jj2—h2;—wj, sz)l ¢l1><931+h1+J2,w]1+h1 (wb) ¢l’>
2m ,~
R G (N ARTNDY (S4.7)
and
1 & - -
Ty no (V131 100) = Jm = Z (<9—j1—j2;—wj1 (V1) V1u X F iyt b iothasog, on, (Wig)s Pur )
J1,J2=1

+ {F it gt hai—wy, () 00 X Ty — sy, oy (V)5 o)
27
T oo oy s V) V1, (54.8)

S5 Results for the fourth-order spectrum

Using a basis expansion, the expectation of the fourth-order periodogram operator can be expressed in terms

the cumulants of the upscaled fDFTs. We have

2rT)*DH @ D) @ D) @ DL
J1 J2 J3 J4

[ 7D ] —
W1 Wig Wiz Wiy (271.)3
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T
= % (cum (Do(};l), cee ng) + cum (Df};l), D‘g];)) ® cum (Dgg, Dgﬁf)
+ S1324(cum (Dgl), DU(JQ) ® cum (Dgg, Dgﬁf))
+ Suazz(cum (D), DI)))) @ cum (DT, Dwfg)) : (S5.1)

where Theorem B.1 has been applied to reach the second equality. Note that, due to the inclusion of the
function ®, only those terms are to be considered for which the frequencies satisfy j4 = —j; — j2 — j3 in such
a way that j; # j2 j1 # js and j2 # j3 and 71 # j4. For such values not contained in a proper submanifold,

the products of second-order cumulant tensors are at most of order O(7~2) in an L? sense under the null

of)-of)

and hence asymptotically unbiased. Using a standard smoothing kernel argument and a subsequent Taylor

hypothesis. Using Lemma B.1, it follows that, under Hy,

H‘E[[(T) ]- T 2n

Wi Wi Wiz Wiy (27‘() T2 WjqWig Wig

expansion, the estimator (5.4) is readily shown to satisfy

R 1
T 2
BT ) = Forpin o = O (G + 2)
and hence
(1) ' no_ 1 2
I [ (50 ds’ = [ [Torririn sy et = 0 (M ' b4>.
Under the alternative, (S5.1) continues to hold. Again only those combinations of ji, ..., j4 have to be

considered that are on the principal manifold but not on a proper submanifold. By Lemma B.2, the first term
of the decomposition in (S5.1) now yields the time-integrated fourth order spectral density operator plus an
error term

T (27(—) =1 —i k .
(27T> < T2 2 :Tt/T;"-’jl """ "-’1'4716 Zi-t "t + R4’T ’
t=0

where Ry = O(T~2) and hence multiplied by 7 leads to an error of O(T~!). Additionally, there are three

terms of the form

T (13 . ,
(72 2 Tty ©T e el )
t'=0

T-1 T—1

1 el 1 T

+ RQ’TT Z EFt/T,wjle 1t(°~’]1+]2) + RQ’TT Z ?t/T,wjle 1t(”73+14) + RZ,TRQ,T) .
t=0 t=0

Note that ® only selects those terms for which the frequencies satisfy j4 = —j1 — jo — j3 such that j; # jo

Jj1 # js and j2 # js. Let Z be a remainder element of Sz (H ). The second-order terms can be written as

T (1 =& o R 2
| = F o F o _1(t_t)(wj1+j2)+77 .
(2m) <TZO e ST T i+ 2P
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Therefore, consider bounding their smoothed versions

N3
Z Ky ( ..,WM+Z’:1ak’>¢(akl,...,ak4)
( 4T k:1 k2 ks by
T-1
1 g 1 2%
- F F, —it=t) (g k) o = 2 )
((27T)Ttt’2_0 YTan, ©Jv/T0,,€ e (27) |k1 + ko|?

Consider the leading term first. The double sum and nonnegativity of the smoothing kernels allows to derive

the upper bound
T—1
(27[')3 Wy, — Qg wi, + 23: Q. 1 (it
K < 1,.”’ J4 i=1 z)@a F ®3_~ e i(t t)(ak1+k2)
(b4T)? ko ,kzz:,ks ) b4 by () (2m)T t’tZ_lo YTk, =t Tk 2
T—1
(27)? Wi, — wi, + 32 g, e
< o Z K4< J1 ; O . ; i=1 )(I)(ak) Z e 1(t=t") (ak; ko) ’”EFt/Takl ®EFt/T,ak3 H|2,
(1) gy ks 4 4 /=0

but since submanifolds, i.e., k1 = ko, are not allowed via ®, the above can be bounded by

2m)? wj, — Qg wi, + 35 ay, (g 1) |
sup IlF 2( K J1 1,_”’ J4 i=1 z)@a ’A k1+ka
ol “’““‘2b3(T)4 kl%kg Ty b4 (o] Ar

1 1
< (suuf ?WH‘%O(ZMT)) B O<b4T2>'

Now consider the two error terms. A change of variables gives

(2m)? W Wi, R
K( 1,...,—4><I>w'—a : ;
(b4T)3 ]ﬁ%]% 4 by by (0 k) |71 — k1 + j2 — ko|?

and by the p-harmonic series this is of order

W Wy a2
4(64,..., b4 )@(wJ ak)|l|2

kkl

1
ofity)
9 byT
Therefore, a similar argument as under the null yields

T) 1 2
H [JJH’ ot ol ] dwdw] JJGW —wtwn, ww+w/dwdw 2—O<b4T+b>

where Gy, 40, o o o, is the time-integrated fourth-order spectral density operator acting on So(Hc).
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