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Abstract

This supplement contains additional technical material necessary to complete the proofs of theorems

of the main paper Aue & van Delft (2016). Section S1 contains the proofs of several auxiliary lemmas

stated in Appendix A of the main paper. Section S2 contains results on finding bounds for the denominator

of the test statistic. Sections S3 deals with convergence of the finite-dimensional distributions. Section S4

establishes the asymptotic covariance structure of the test under the alternative of local stationarity.
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S1 Properties of functional cumulants under local stationarity

Lemma S1.1. Let Assumption 4.3 be satisfied and cu;t1,...,tk´1
as given in (4.6). Then,

›

›

›
cum

`

X
pT q
t1
, . . . , X

pT q
tk´1

, X
pT q
tk

˘

´ ct1{T ;t1´tk,...,tk´1´tk

›

›

›

2

ď

ˆ

k

T
`

k´1
ÿ

j“1

ˇ

ˇ

ˇ

tj ´ tk
T

ˇ

ˇ

ˇ

˙

}κk;t1´tk,...,tk´1´tk}2.

Proof of Lemma A.2. By linearity of the cumulant operation, consecutively taking differences leads, by equa-

tion (4.4) of the main paper and the triangle inequality, to

›

›

›
cum

`

X
pT q
t1
, . . . , X

pT q
tk

˘

´ cum
`

X
pt1{T q
t1

, . . . , X
ptk{T q
tk

˘

›

›

›

2
ď K

k

T
}κk;t1´tk,...,tk´1´tk}2,
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using part (i) of Assumption 4.3. By (4.4),

X
ptj{T q
tj

´X
ptk{T q
tj

“
ptj ´ tkq

T
Y
ptj{T,tk{T q
tj

. (S1.1)

Similarly,

›

›

›
cum

`

X
pt1{T q
t1

, . . . , X
ptk{T q
tk

q ´ ct1{T ;t1´tk,...,tk´1´tk

›

›

›

2

ď

k´1
ÿ

j“1

|tj ´ tk|

T
}κk;t1´tk,...,tk´1´tk}2,

which follows from part (iii) of Assumption 4.3 Minkowski’s inequality then implies the lemma.

Lemma S1.2. Consider a sequence of functional processes pXpT qt : t ď T, T P Nq satisfying Assumption 4.3

with k “ 2 and ` “ 2. Then, this triangular array uniquely characterizes the time-varying local spectral

density operator

Fu,ω “
1

2π

ÿ

hPZ
Cu,he

´iωh, (S1.2)

which belongs to S2pHq. Its kernel satisfies

(i) supu,ω }
Bi

Bui
fu,ω}2 ă 8 for i “ 1, 2,

(ii) supu,ω }
Bi

Biω
fu,ω}2 ă 8 for i “ 1, 2,

(iii) supu,ω }
B2

BωBufu,ω}2 ă 8.

Proof of Lemma A.3. Using Lemma A.2, it is straightforward to show that pXT
t : t ď T, T P Nq uniquely

determines the time-varying spectral density operator, that is,
ż π

´π
}FpT qu,ω ´ Fu,ω}

2
2 dω “ op1q pT Ñ8q. (S1.3)

Existence of the derivatives follow from the dominated convergence theorem and the product rule for differ-

entiation in Banach spaces (Nelson, 1969).

Proof of Lemma A.4. The first line of (A.4) follows on replacing the cumulants cumpX
pT q
t1
, . . . , X

pT q
tk´1

, X
pT q
tk
q

with ctk{T ;t1´tk,...,tk´1´tk and Lemma A.2. The second line because the discretization of the integral is an

operation of order OpT´2q.

By Assumption 4.3 (iv), the kernel of u ÞÑ B
BuFu;ω1 ,...,ωk´1

satisfies

›

›

›
sup
u

B

Bu
fu;ω1,...,ωk´1

›

›

›

2
ď

1

p2πqk´1

ÿ

t1,...,tk

}κk;t1´tk,...,tk´1´tk}2 ă 8.
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The dominated convergence theorem therefore yields

sup
u,ω1,...,ωk´1

›

›

›

B

Bu
fu,ω1,...,ωk´1

›

›

›

2
ă 8. (S1.4)

Finally, integration by parts for a periodic function in L2pr0, 1skq with existing n-th directional derivative in

u, yields

}f̃s;ωj1
,...,ωjk´1

}22

“

ż

r0,1sk

ˇ

ˇ

ˇ

ˇ

„ Bn´1

Bun´1 fu;ωj1
,...,ωjk´1

pτ q

p´i2πsqn´1 e´is2πu

1

0

´

ż 1

0

e´is2πu

p´i2πsqn
Bn

Bun
fu;ωj1

,...,ωjk´1
pτ qdu

ˇ

ˇ

ˇ

ˇ

2

dτ

“

ż

r0,1sk`2

1

p2πsq2n
ei2πspu´vq B

2

Bu2
fu;ωj1

,...,ωjk´1
pτ q

B2

Bv2
fv;ωj1

,...,ωjk´1
pτ qdτdudv

ď
1

p2πsq2n

ż

r0,1sk`2

ˇ

ˇ

ˇ

ˇ

B2

Bu2
fu;ωj1

,...,ωjk´1
pτ q

B2

Bv2
fv;ωj1

,...,ωjk´1
pτ q

ˇ

ˇ

ˇ

ˇ

dτdudv

ď
1

p2πsq2n

ż

r0,1s2

›

›

›

›

B2

Bu2
fu;ωj1

,...,ωjk´1

›

›

›

›

2

›

›

›

›

B2

Bv2
fv;ωj1

,...,ωjk´1

›

›

›

›

2

dudv

ď
1

p2πsq2n

ˆ

sup
u

›

›

›

›

B2

Bu2
fu;ωj1

,...,ωjk´1

›

›

›

›

2

˙2

ă 8,

where the Cauchy–Schwarz inequality was applied in the second-to-last equality. The interchange of integrals

is justified by Fubini’s theorem. Thus,

sup
ω1,..,ωk´1

}f̃s;ωj1
,...,ωjk´1

}2 ď
1

p2πq2n
sup

u,ω1,...,ωn

›

›

›

›

Bn

Bun
fu;ωj1

,...,ωjk´1

›

›

›

›

2

|s|´n. (S1.5)

and (A.6) follows from Assumption 4.3 (iv).

Proof of Corollary A.1. For completeness, we elaborate on part (ii) of the corollary. Note that

~F̃0:ω~2 ď sup
ω,u
~Fu,ω~2 ă

ÿ

h

}κ2,h}2 ă 8.

The p-harmonic series for p “ 2 then yields

sup
ω

ÿ

sPZ
~F̃s;ω~2 ď

ÿ

h

}κ2,h}2

ˆ

1`
1

p2πq4
π2

3

˙

ă 8, (S1.6)

where the constant p2πq´4 follows from (S1.5).

S2 Error bound for the denominator of the test statistic

A bound needs to be obtained on the error resulting from the replacement of the unknown spectral operators

with consistent estimators. It will be sufficient to consider a bound on

?
T |γ

pT q
h pl1, l2q ´ γ̂

pT q
h pl1, l2q|

3



for all l1, l2 P N, where γpT q is defined in equation (3.1) of the main paper. Consider the function gpxq “

x´1{2, x ą 0, and notice that

γ
pT q
h pl1, l2q ´ γ̂

pT q
h pl1, l2q “

1

T

T
ÿ

j“1

Dpl1qωj
D
pl2q
´ωj`h

”

gpFpl1,l1qωj
Fpl2,l2qωj`h

q ´ gpF̂pl1,l1qωj
F̂l2,l2qωj`h

q

ı

.

Given the assumption infωxFωpψq, ψy ą 0 for all ψ P H is satisfied, continuity of the inner product implies

that for fixed l1, l2 the mean value theorem may be applied to find

γ
pT q
h pl1, l2q ´ γ̂

pT q
h pl1, l2q

“
1

T

T
ÿ

j“1

Dpl1qωj
D
pl2q
´ωj`h

«

Bgpxq

Bx

ˇ

ˇ

ˇ

x“F̆
pl1,l1q
ωj

F̆
pl2,l2q
ωj`h

`

F̂pl1,l1qωj
F̂pl2,l2qωj`h

´ Fpl1,l1qωj
Fpl2,l2qωj`h

˘

ff

,

where F̆
pl1,l1q
ωj F̆

pl2,l2q
ωj`h lies in between F̂

pl1,l1q
ωj F̂

pl2,l2q
ωj`h and F

pl1,l1q
ωj F

pl2,l2q
ωj`h . Because of uniform convergence of

F̂ωj P S2pHq with respect to ω, it follows that

?
T |γ

pT q
h pl1, l2q ´ γ̂

pT q
h pl1, l2q| “ Opp1q

ˇ

ˇ

ˇ

ˇ

1

T

T
ÿ

j“1

D
pl1q
ωj D

pl2q
´ωj`h

pF
pl1,l1q
ωj F

pl2,l2q
ωj`h q

3{2

`

F̂pl1,l1qωj
F̂pl2,l2qωj`h

´ Fpl1,l1qωj
Fpl2,l2qωj`h

˘

ˇ

ˇ

ˇ

ˇ

.

(S2.1)

With these preliminary results at hand, the first main theorems can be verified.

Proof of Theorems 4.1 and 4.5. In order to prove both theorems, partition (S2.1) as follows

J1pl, l2q “
1
?
T

T
ÿ

j“1

D
pl1q
ωj D

pl2q
´ωj`h

´ ErDpl1qωj D
pl2q
´ωj`h

s

pF
pl1,l1q
ωj F

pl2,l2q
ωj`h q

3{2
F̂pl1,l1qωj

`

F̂pl2,l2qωj`h
´ Fpl2,l2qωj`h

˘

, (S2.2)

J2pl, l2q “
1
?
T

T
ÿ

j“1

D
pl1q
ωj D

pl2q
´ωj`h

´ ErDpl1qωj D
pl2q
´ωj`h

s

pF
pl1,l1q
ωj F

pl2,l2q
ωj`h q

3{2
Fpl2,l2qωj`h

`

F̂pl1,l1qωj
´ Fpl1,l1qωj

˘

, (S2.3)

J3pl, l2q “
1
?
T

T
ÿ

j“1

ErDpl1qωj D
pl2q
´ωj`h

s

pF
pl1,l1q
ωj F

pl2,l2q
ωj`h q

3{2

`

F̂pl1,l1qωj
F̂pl2,l2qωj`h

´ ErF̂pl1,l1qωj
F̂pl2,l2qωj`h

s
˘

, (S2.4)

J4pl, l2q “
1
?
T

T
ÿ

j“1

ErDpl1qωj D
pl2q
´ωj`h

s

pF
pl1,l1q
ωj F

pl2,l2q
ωj`h q

3{2

`

ErF̂pl1,l1qωj
F̂pl2,l2qωj`h

s ´ Fpl1,l1qωj
Fpl2,l2qωj`h

˘

. (S2.5)

The proof of both theorems are based on Corollary S2.1 and Lemmas S2.1-S2.4 below. These results together

with an application of the Cauchy–Schwarz inequality yield

(i) |J1| “ Op

ˆ

1
?
bT
` b2

˙

,

(ii) |J2| “

$

’

’

’

&

’

’

’

%

Op

ˆ

1
?
bT
`

b2
?
T

˙

under Assumption 4.1,

Op

ˆ

1
?
bT
` b2

˙

under Assumption 4.3,
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(iii) |J3| “

$

’

’

’

&

’

’

’

%

Op

ˆ

1
?
bT

˙

under Assumption 4.1,

Op

ˆ

1
?
bT

˙

under Assumption 4.3,

(iv) |J4| “

$

’

’

’

&

’

’

’

%

O

ˆ

b2 `
1

bT

˙

under Assumption 4.1.

O

ˆ

?
Tb2 `

1

b
?
T

˙

under Assumption 4.3.

Minkowski’s Inequality then gives the result.

Corollary S2.1. Under Assumption 4.1

E
“

~F̂pT qω ´ Fω~
2
2

‰

“ O

ˆ

1

bT
` b4

˙

pT Ñ8q, (S2.6)

while, under Assumption 4.3,

E
“

~F̂pT qω ´Gω~
2
2

‰

“ O

ˆ

1

bT
` b4

˙

pT Ñ8q. (S2.7)

Proof. See Panaretos & Tavakoli (2013, Theorem 3.6) and Theorem 4.4, respectively.

Lemma S2.1. Let pgpl1,l2qj : j P Zq be a bounded sequence in C for all l1, l2 P N such that infj g
pl1,l2q
j ą 0.

Under Assumption 4.1 and under Assumption 4.3,

E
„
ˇ

ˇ

ˇ

ˇ

1
?
T

T
ÿ

j“1

g
pl1,l2q
j

`

Dpl1qωj
D
pl2q
´ωj`h

´ E
“

Dpl1qωj
D
pl2q
´ωj`h

‰˘

F̂pl1,l1qωj

ˇ

ˇ

ˇ

ˇ

2

“ Op1q.

Proof. Observe that

E
„ˇ

ˇ

ˇ

ˇ

1
?
T

T
ÿ

j“1

g
pl1,l2q
j

`

Dpl1qωj
D
pl2q
´ωj`h

´ E
“

Dpl1qωj
D
pl2q
´ωj`h

‰˘

F̂pl1,l1qωj

ˇ

ˇ

ˇ

ˇ

2

“ E
„
ˇ

ˇ

ˇ

ˇ

1
?
T

T
ÿ

j“1

g
pl1,l2q
j

`

Dpl1qωj
D
pl2q
´ωj`h

´ E
“

Dpl1qωj
D
pl2q
´ωj`h

‰˘2π

bT

T
ÿ

j1“1

K

ˆ

ωj1

b

˙

Dpl1qωj´j1
Dpl1qωj1´j

ˇ

ˇ

ˇ

ˇ

2

“
1

T

ˆ

2π

bT

˙2 T
ÿ

j1,j2“1

g
pl1,l2q
j1,j2

T
ÿ

j11,j
1
2“1

K

ˆ

ωj11
b

˙

K

ˆ

ωj12
b

˙

E
”

 `

Dpl1qωj1
D
pl2q
´ωj1`h

´ E
“

Dpl1qωj1
D
pl2q
´ωj1`h

‰˘

ˆDpl1qωj1´j11

Dpl1qωj11´j1

( `

D
pl1q
´ωj2

Dpl2qωj2`h
´ E

“

D
pl1q
´ωj2

Dpl2qωj2`h

‰˘

Dpl1qωj12´j2
Dpl1qωj2´j12

(

ı

.

Expanding the expectation in terms of cumulants, one obtains the structure

ErpX ´ EXqY srpW ´ EW qZs

“ ErXYWZs ´ ErW sErXY Zs ´ ErYWZrErXs ` ErW sErXsErY Zs

“ cumpX,Y,W,Zq ` cumpX,Y,W qcumpZq ` cumpX,W,ZqcumpY q

5



` cumpX,Y qcumpW,Zq ` cumpX,W qcumpY, Zq ` cumpX,ZqcumpY,W q,

where X,Y,W,Z are products of random elements of H . Hence, by the product theorem for cumulants, only

those products of cumulants have to be considered that lead to indecomposable partitions of the matrix below

or of any sub-matrix (with the same column structure) with the exception that pY q or pZq is allowed to be

decomposable but not within the same partition.

pXq D
pl1q
ωj1

D
pl2q
´ωj1`h

pY q D
pl1q
ωj1´j11

D
pl1q
ωj11´j1

pW q D
pl1q
´ωj2

D
pl2q
ωj2`h

pZq D
pl1q
ωj12´j2

D
pl1q
ωj2´j12

(S2.8)

That is, the order of the error belonging to those partitions has to be investigated for which the cumulant terms

that contain an element of the sets tDpl1qωj1
, D

pl2q
´ωj1`h

u and of tDpl1q´ωj2
D
pl2q
ωj2`hu also contain at least one element

from another set. Because the process has zero-mean, it suffices consider partitions for which mi ě 2. By

Lemma A.1 of the main paper, a cumulant of order k upscaled by order T will be of order OpT´k{2`1q under

H0 and OpT´k{2`2q under the alternative. This directly implies that only terms of the following form have to

be investigated:

1

T

ˆ

2π

bT

˙2 T
ÿ

j1,j2“1

T
ÿ

j11,j
1
2“1

K

ˆ

ωj11
b

˙

K

ˆ

ωj12
b

˙

cum4cum2cum2, (S2.9)

1

T

ˆ

2π

bT

˙2 T
ÿ

j1,j2“1

T
ÿ

j11,j
1
2“1

K

ˆ

ωj11
b

˙

K

ˆ

ωj12
b

˙

cum3cum3cum2, (S2.10)

1

T

ˆ

2π

bT

˙2 T
ÿ

j1,j2“1

T
ÿ

j11,j
1
2“1

K

ˆ

ωj11
b

˙

K

ˆ

ωj12
b

˙

cum2cum2cum2cum2. (S2.11)

However, for a fixed partition P “ tP1, . . . , PMu,

T
M
ź

j“1

O

ˆ

1

Tmj{2´1

˙

,

from which it is also clear that (S2.9) and (S2.10) are at most going to be of order Op1q under the alternative

and of lower order under H0. The term (S2.11) could possibly of order OpT q. Further analysis can therefore

be restricted to partitions of this form. As mentioned above, partitions in which a term contains an element

of the sets tDpl1qωj1
, D

pl2q
´ωj1`h

u and of tDpl1q´ωj2
D
pl2q
ωj2`hu must contain at least one element from another set. It

follows that partitions in which mi “ 2 for all i P t1, . . . ,Mu, without any restrictions on the summations,

are decomposable. We find the term of highest order is thus of the type

1

T

T
ÿ

j1,j2“1

g
pl1,l2q
j1,j2

ˆ

2π

bT

˙2 T
ÿ

j11,j
1
2“1

K

ˆ

ωj11
b

˙

K

ˆ

ωj12
b

˙

cum
`

D
pl2q
´ωj1`h

, Dpl2qωj2`h

˘

cum
`

D
pl1q
´ωj2

, Dpl1qωj1

˘

6



ˆ cum
`

Dpl1qωj1´j11

Dpl1qωj1´j11

˘

cum
`

Dpl1qωj12´j2
Dpl1qωj2´j12

˘

“ sup
j
g

2pl1,l2q
j OpTT´1q “ Op1q,

under the null of stationarity and under the alternative, where the error is uniform in ω. The bound in case

of the alternative follows from Corollary A.1 of the main paper. The result follows since, by the positive

definiteness of the spectral density operators, supj |g
pl1,l2q
j | ă 8 for all l1, l2 P N.

Lemma S2.2. Let pgpl1,l2qj : j P Zq be a bounded sequence in C for all l1, l2 P N such that inf l1,l2 g
pl1,l2q
j ą 0.

Then,

E

„ˇ

ˇ

ˇ

ˇ

1
?
T

T
ÿ

j“1

g
pl1,l2q
j

`

Dpl1qωj
D
pl2q
´ωj`h

´ E
“

Dpl1qωj
D
pl2q
´ωj`h

‰˘

ˇ

ˇ

ˇ

ˇ

2

“

$

’

&

’

%

O

ˆ

1

T

˙

under H0.

Op1q under H1.

Proof. Notice that

E

„ˇ

ˇ

ˇ

ˇ

1
?
T

T
ÿ

j“1

g
pl1,l2q
j

`

Dpl1qωj
D
pl2q
´ωj`h

´ E
“

Dpl1qωj
D
pl2q
´ωj`h

‰˘

ˇ

ˇ

ˇ

ˇ

2

“
1

T

T
ÿ

j1,j2“1

ˆ

g
pl1,l2q
j1,j2

E
“

Dpl1qωj1
D
pl2q
´ωj1`h

D
pl1q
´ωj2

Dpl2qωj2`h

‰

´ E
“

Dpl1qωj1
D
pl2q
´ωj1`h

sErDpl1q´ωj2
Dpl2qωj2`h

s

˙

“
1

T

T
ÿ

j1,j2“1

´

g
pl1,l2q
j1,j2

cum
`

Dpl1qωj1
, D

pl2q
´ωj1`h

, D
pl1q
´ωj2

Dpl2qωj2`h

˘

`

cum
`

Dpl1qωj1
, D

pl1q
´ωj2

˘

cum
`

D
pl2q
´ωj1`h

, Dpl2qωj2`h

˘

` cum
`

Dpl1qωj1
, Dpl2qωj2`h

˘

cum
`

D
pl2q
´ωj1`h

, D
pl1q
´ωj2

˘

¯

.

Under the null, this is therefore of the order OpT {T 2 ` 1{T q “ Op1{T q, where is uniform over ω. Under the

alternative, by Corrolary A.1 of the main paper, the last term can be estimated by

1

T

T
ÿ

j1,j2“1

g
pl1,l2q
j1,j2

ˆ

1

T
G
pl1 l2,l1 l2q
ωj1

,´ωj1`h,´ωj2
` F̃

pl1,l1q
j1´j2;ωj1

F̃
pl2,l2q
´j1`j2;´ωj1`h

` F̃
pl1,l2q
j1`j2`h;ωj1

F̃
pl2,l1q
´j1´j2´h;´ωj1`h

`O

ˆ

1

T

˙˙

ď sup
j
|g
pl1,l2q
j |2

1

T

T
ÿ

j1,j2“1

ˆ

1

T
G
pl1 l2,l1 l2q
ωj1

,´ωj1`h,´ωj2
` F̃

pl1,l1q
j1´j2;ωj1

F̃
pl2,l2q
´j1`j2;´ωj1`h

` F̃
pl1,l2q
j1`j2`h;ωj1

F̃
pl2,l1q
´j1´j2´h;´ωj1`h

`O

ˆ

1

T

˙˙

ď sup
j
|g
pl1,l2q
j |2

ˆ

ÿ

t1,t2,t3

}κ4;t1,t2,t3}2}ψl1}
2
2|ψl2}

2
2 ` C

ÿ

t

}κ2;t}2

˙

“ Op1q,

for some constant C.
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Lemma S2.3. Let pgpl1,l2qj : j P Zq be a bounded sequence in C for all l1, l2 P N such that inf l1,l2 g
pl1,l2q
j ą 0.

Then,

E
„
ˇ

ˇ

ˇ

ˇ

1
?
T

T
ÿ

j“1

g
pl1,l2q
j E

“

Dpl1qωj
D
pl2q
´ωj`h

‰

´

F̂pl1,l1qωj
F̂pl2,l2qωj`h

´ E
“

F̂pl1,l1qωj
F̂pl2,l2qωj`h

‰

¯

ˇ

ˇ

ˇ

ˇ



“

$

’

’

’

&

’

’

’

%

O

ˆ

1
?
bT

˙

under Assumption 4.1.

O

ˆ

1
?
bT

˙

under Assumption 4.3.

Proof. Observe first that by the Cauchy–Schwarz inequality,

Er|J3pl1, l2q|s ď sup
j

ˇ

ˇg
pl1,l2q
j E

“

Dpl1qωj
D
pl2q
´ωj`h

‰
ˇ

ˇ

ˆ

ˆ

E
„ˇ

ˇ

ˇ

ˇ

1
?
T

T
ÿ

j“1

`

F̂pl1,l1qωj
F̂pl2,l2qωj`h

´ E
“

F̂pl1,l1qωj
F̂pl2,l2qωj`h

‰˘

ˇ

ˇ

ˇ

ˇ

2˙1{2

,

which follows because the term over which the supremum is taken is deterministic. In particular, it is of order

OpT´1q under the null and Oph´2q under the alternative. To find a bound on

E
„ˇ

ˇ

ˇ

ˇ

1
?
T

T
ÿ

j“1

`

F̂pl1,l1qωj
F̂pl2,l2qωj`h

´ E
“

F̂pl1,l1qωj
F̂pl2,l2qωj`h

‰˘

ˇ

ˇ

ˇ

ˇ

2

,

we proceed similarly as in the proof of Lemma S2.1. Observe that,

E
„
ˇ

ˇ

ˇ

ˇ

1
?
T

T
ÿ

j“1

`

F̂pl1,l1qωj
F̂pl2,l2qωj`h

´ EF̂pl1,l1qωj
F̂pl2,l2qωj`h

˘

ˇ

ˇ

ˇ

ˇ

2

“
1

T

ˆ

2π

bT

˙2 T
ÿ

j1,j2“1

T
ÿ

j11,j
1
2,j
1
3,j
1
4“1

4
ź

i“1

K

ˆ

ωj1i
b

˙

ˆ E
„

`

Dpl1qωj1´j11

Dpl1qωj11´j1
Dpl2qωj1`h´j12

Dpl2qωj12´j1´h
´ ErDpl1qωj1´j11

Dpl1qωj11´j1
Dpl2qωj1`h´j12

Dpl2qωj12´j1´h
s
˘

ˆ
`

Dpl1qωj13´j2
Dpl1qωj2´j13

Dpl2qωj14´j2´h
Dpl2qωj2`h´j14

´ ErDpl1qωj13´j2
Dpl1qωj2´j13

Dpl2qωj14´j2´h
Dpl2qωj2`h´j14

s
˘



.

Write

ErpX ´ EXqsrpY ´ EY qs “ cumpX,Y q ´ cumpXqcumpY q

for products X,W of random elements of H . When expanding this in terms of cumulants, we only have to

consider those products of cumulants that lead to indecomposable partitions of the rows of the matrix below

pXq D
pl1q
ωj1´j11

D
pl1q
ωj11´j1

D
pl2q
ωj1`h´j12

D
pl2q
ωj12´j1´h

pY q D
pl1q
ωj13´j2

D
pl1q
ωj2´j13

D
pl2q
ωj14´j2´h

D
pl2q
ωj2`h´j14

(S2.12)
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In order to satisfy this, in every partition there must be at least one term that contains both an element of X

and of Y . A similar reasoning as in the proof of S2.1 indicates we will only have to consider partitions where

2 ď mi ď 4 for i “ 1, . . . ,M . In case of stationarity we only have to consider those with mi “ 2 for all

i “ 1, . . . ,M . In both cases at least one restriction in terms of the summation must occur in order for the

partition to be decomposable. In particular, it can be verified that the partition of highest order is of the form

1

T

T
ÿ

j1,j2“1

ˆ

2π

bT

˙4 T
ÿ

j11,j
1
2,j
1
3,j
1
4“1

4
ź

i“1

K

ˆ

ωj1i
b

˙

cumpDpl2qωj14´j2´h
Dpl2qωj2`h´j14

qcumpDpl2qωj1`h´j12

Dpl2qωj12´j1´h
q

ˆ cumpDpl1qωj1´j11

, Dpl1qωj13´j2
qcumpDpl1qωj11´j1

, Dpl1qωj2´j13

q

“
1

T

T
ÿ

j1,j2“1

ˆ

2π

bT

˙4 T
ÿ

j11,j
1
2,j
1
3,j
1
4“1

4
ź

i“1

K

ˆ

ωj1i
b

˙„

F̃
pl2,l2q
0;ω

´j2`h´j14

`O

ˆ

1

T

˙„

F̃
pl2,l2q
0;ωj1´j12`h

O

ˆ

1

T

˙

ˆ

„

F̃
pl1,l1q
j1´j2´j11`j

1
3;ωj1´j11

`O

ˆ

1

T

˙„

F̃
pl1,l1q
j2´j1´j13`j

1
1;ωj11´j1

`O

ˆ

1

T

˙

ď C
1

bT
sup
ω
|G2pl2,l2q

ω |
1

T

T
ÿ

j1,j2“1

„

F̃
pl1,l1q
j1´j2;ωj1´j11

`O

ˆ

1

T

˙„

F̃
pl1,l1q
j2´j1;ωj11´j1

`O

ˆ

1

T

˙

“ O

ˆ

1

bT

˙

,

since }F̃j1´j2´j11`j13;ωj1´j11

}2 ď C|j1´ j2´ j
1
1` j

1
3|
´2 and }Kpx{bq}8 “ Op1q, where the bandwidth leads to

only bT nonzero terms in the summation over j1. The same bound can be shown to hold under stationarity. As

before, the error is uniform with respect to ω which follows again from Corollary A.1 of the main paper.

Lemma S2.4. Let pgpl1,l2qj : j P Zq be a bounded sequence in C for all l1, l2 P N such that inf l1,l2 g
pl1,l2q
j ą 0.

Then,
ˇ

ˇ

ˇ

ˇ

1
?
T

T
ÿ

j“1

g
pl1,l2q
j E

“

Dpl1qωj
D
pl2q
´ωj`h

‰`

E
“

F̂pl1,l1qωj
F̂pl2,l2qωj`h

‰

´ Fpl1,l1qωj
Fpl2,l2qωj`h

˘

ˇ

ˇ

ˇ

ˇ

“

$

’

’

’

&

’

’

’

%

O

ˆ

b2 `
1

bT

˙

under Assumption 4.1.

O

ˆ

?
Tb2 `

1

b
?
T

˙

under Assumption 4.3.

Proof. First note that

ˇ

ˇ

ˇ

ˇ

1
?
T

T
ÿ

j“1

g
pl1,l2q
j E

“

Dpl1qωj
D
pl2q
´ωj`h

‰

ˇ

ˇ

ˇ

ˇ

“

$

’

&

’

%

O

ˆ

1
?
T

˙

under Assumption 4.1.

Op
?
T q under Assumption 4.3.

Observe next that

E
“

F̂pl1,l1qωj
F̂pl2,l2qωj`h

‰

´ Fpl1,l1qωj
Fpl2,l2qωj`h

“

ˆ

2π

bT

˙2 T
ÿ

j1,j2“1

K

ˆ

ωj1
b

˙

K

ˆ

ωj2
b

˙

E
“

Dpl1qωj´j1
Dpl1qωj1´j

Dpl2qωj`h´j2
Dpl2qωj2´j´h

‰

´ Fpl1,l1qωj
Fpl2,l2qωj`h

9



“

ˆ

2π

bT

˙2 T
ÿ

j1,j2“1

K

ˆ

ωj1
b

˙

K

ˆ

ωj2
b

˙

´

cumpDpl1qωj´j1
, Dpl2qωj`h´j2

qcumpDpl1qωj1´j
, Dpl2qωj2´j´h

q

` cumpDpl1qωj´j1
, Dpl2qωj2´j´h

qcumpDpl1qωj1´j
, Dpl2qωj`h´j2

q

¯

`O

ˆ

b2 `
1

bT

˙

.

Here, it was used that Er|F̂pl1,l1qωj ´ F
pl1,l1q
ωj |s ď Er~F̂ωj ´ Fωj~2s}ψl1}2}ψl1}2 “ Opb2 ` 1{bT q under H0.

The same bound holds under the alternative, where Fω is replaced with the integrated spectrum Gω. Under

the alternative, write

ˆ

2π

bT

˙2 T
ÿ

j1,j2“1

K

ˆ

ωj1
b

˙

K

ˆ

ωj2
b

˙

`

F̃
pl1,l2q
j2´j1´h;ωj´j1

F̃
pl1,l2q
j1`h´j2;ωj1´j

` F̃
pl1,l2q
h´j1´j2;ωj´j1

F̃
pl1,l2q
j1`j2´h;ωj1´j

`O

ˆ

1

T

˙

`O

ˆ

b2 `
1

bT

˙

“ O

ˆ

b2 `
1

bT

˙

where Corollary A.1 of the main paper was applied and where we used that the bandwidth leads to only bT

nonzero terms in the summation. Under H0, a similar argument shows that the term is of order Opb2` 1{bT q.

The result now follows.

S3 Convergence of finite-dimensional distributions

Theorem S3.1. Let Lemma A.1 be satisfied for some finite k ě 3. Then, for all li, li1 P N and hi P Z with

i “ 1, . . . , k,

1

T k{2
cum

´

w
pT q
h1
pψl1l11q, . . . , w

pT q
hk
pψlklk 1q

¯

“ op1q pT Ñ8q, (S3.1)

where wpT qh pψll1q “ xw
pT q
h , ψll1y and pψll1 : l, l1 P Nq an orthonormal basis of L2pr0, 1s2,Cq

Proof. The proof is given in three parts, the first of which provides the outset, the second gives the arguments

for the stationary case, while the third deals with the locally stationary situation.

(1) Preliminaries. Fix τ1, τ2 P r0, 1s and h “ 1, . . . , T ´ 1. It will be shown that the finite-dimensional

distributions of pwpT qh pτ1, τ2q : T P Nq converge to a Gaussian distribution by proving that the higher order

cumulants of the terms
?
Tw

pT q
h pψll1q “

?
T xw

pT q
h , ψll1y vanish asymptotically. To formulate this, consider

an array of the form
p1, 1q p1, 2q

...
...

pk, 1q pk, 2q

(S3.2)

and let the value s “ ii1 correspond to entry pi, i1q. For a partition P “ tP1, . . . , PQu, the elements of a set Pq

will be denoted by sq1, . . . , sqmq where |Pq| “ mq is the corresponding number of elements in Pq. Associate

with entry s the frequency index js “ jii1 “ p´1qi
1´1pji`h

i1´1
i q, Fourier frequency λjs “

2πjs
T and the basis

10



function index vs “ vii1 “ l2´i
1

i l1i
i1´1 for i “ 1, . . . , k and i1 “ 1, 2. An application of the product theorem

for cumulants yields

cum
´

T
ÿ

j1“1

Dpl1qωj1
D
pl11q
´ωj1`h1

, . . . ,
T
ÿ

jk“1

Dplkqωjk
D
ppl1kq
´ωjk`hk

¯

“
ÿ

j1,...,jk

ÿ

i.p.

cumpD
pvsq
λjs

: s P P1q ¨ ¨ ¨ cumpD
pvsq
λjs

: s P PQq,

where the summation extends over all indecomposable partitions P “ tP1, . . . , PQu of (S3.2). Because

Xt has zero-mean, the number of elements within each set must satisfy mq ě 2. To ease notation, write

D
plq
ωjk
“ xD

pT q
ωjk
, ψly and

pF
pvsq
t{T ;λjs

: s P Pqq “ xft{T ;λjq1 ,...,λjqmq´1
,b

mq

i1“1ψvsqi1
y,

noting that the latter quantity is well-defined. An application of Lemma A.1 of the main paper yields

ÿ

i.p.

Q
ź

q“1

cum
`

D
pvsq
λjs

: s P Pq
˘

(S3.3)

“
ÿ

i.p.

Q
ź

q“1

„

p2πqmq{2´1

Tmq{2

ˆ T´1
ÿ

t“0

F
pvsq
t{T ;λjs

e´i
ř

s tλjs : s P Pq

˙

`O

ˆ

1

Tmq{2

˙

,

where under the null Fpvsqt{T ;λjs
“ F

pvsq
λjs

. In the following, the proof is separated into the cases where the true

process is stationary and where it is locally stationary.

(2) Proof under stationarity. Recall that supω ~Fωj1
,...,ωj

k1´1
~2 ă 8 for all k1 ď k, and thus, by the

Cauchy–Schwarz inequality, supω |F
pvsq
λjs
| ă 8 for s P Pq and q “ 1, . . . , Q. Therefore,

ÿ

i.p.

Q
ź

q“1

cumpD
pvsq
λjs

: s P Pqq

ď
ÿ

i.p.

Q
ź

q“1

„

p2πqmq{2´1Kq

Tmq{2
∆pT q

ˆ

ÿ

sPPq

λjsq `O

ˆ

1

Tmq{2

˙

for some constantsK1, . . . ,KQ independent of T . Due to the functions ∆pT q, there areQ constraints ifQ ă k

or if Q “ k and there exists hi1 and hi2 such that hi1 ‰ hi2 for i1, i2 P t1, . . . , ku. On the other hand, if the

size of the partition is equal to k and hi1 “ hi2 for all i1, i2 P t1, . . . , ku, there are Q ´ 1 constraints. This

implies that

1

Tn{2
cum

ˆ T
ÿ

j1“1

Dpl1qωj1
D
pl11q
´ωj1`h1

, . . . ,
T
ÿ

jn“1

Dplkqωjk
D
pl1kq
´ωjk`hk

˙

“ OpT´n{2Tn´pQ´1qT´2n{2TQq

“ OpT´n{2`1q.
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The cumulants of order k ě 3 will therefore tend to 0 as T Ñ8.

(3) Proof under local stationarity. Write (S3.3) in terms of the Fourier coefficients as

1

Tn{2

T
ÿ

j1,...,jk“1

ÿ

i.p.

Q
ź

q“1

cum
`

D
pvsq
λks

: s P Pq
˘

“
1

Tn{2

T
ÿ

j1,...,jk“1

ÿ

i.p.

Q
ź

q“1

„

p2πqmq{2´1

Tmq{2´1

`

F̃
pvsq
ř

s js;λjs
: s P Pq

˘

`O

ˆ

1

Tmq{2

˙

.

Note that, by Corollary A.1 and the Cauchy–Schwarz inequality,

T
ÿ

j“1

ˇ

ˇF̃
pvsq
ř

s js;λjs

ˇ

ˇ ď sup
ω

ÿ

jPZ
}F̃j;ω}2

mq
ź

i“1

}ψvqi}2 ă 8, s P Pq,

for all q “ 1, . . . , Q. If Q ă k or if Q “ k and there are hi1 and hi2 such that hi1 ‰ hi2 for i1, i2 P t1, . . . , ku

within the same set, then there is dependence on Q of the k sums j1, . . . , jn. On the other hand, if the size of

the partition is equal to k and hi1 “ hi2 for all i1, i2 “ 1, . . . , k, then there areQ´1 constraints on j1, . . . , jn.

Thus, similar to the stationary case, it follows that the order is

OpT´k{2T k´Q`1T´2k{2`Qq “ OpT´k{2`1q,

hence giving the result.

S4 Proofs under the alternative hypothesis of local stationarity

Completion of the proof of Theorem 4.6. To find the expressions for the covariance structure of
?
Tγ

pT q
h and

its complex conjugate, use Theorem A.1 and Lemma A.2 of the main paper to write

Cov
`

Dpl1qωj1
D
pl2q
´ωj1`h1

, Dpl3qωj2
D
pl4q
´ωj2`h2

˘

“
2π

T
F̃
pl1 l2,l3 l4q
p´h1`h2;ωj1

,´ωj1`h1
,´ωj2

q
`O

ˆ

1

T 2

˙

`

„

F̃
pl1,l3q
pj1´j2;ωj1

q
`O

ˆ

1

T

˙„

F̃
pl2,l4q
p´j1´h1`j2`h2;´ωj1`h1

q
`O

ˆ

1

T

˙

`

„

F̃
pl1,l4q
pj1`j2`h2;ωj1

q
`O

ˆ

1

T

˙„

F̃
pl2,l3q
p´j1´h1´j2,´ωj1`h1

q
`O

ˆ

1

T

˙

.

Thus,

Cov
`

?
Tγ

pT q
h1
pl1, l2q,

?
Tγ

pT q
h2
pl3, l4q

˘

“
1

T

T
ÿ

j1,j2“1

"

2π

T

F̃
pl1 l2,l3 l4q
p´h1`h2;ωj1

,´ωj1`h1
,´ωj2

q

pG
pl1,l1q
ωj1

G
pl2,l2q
´ωj1`h1

G
pl3,l3q
´ωj2

G
pl4,l4q
ωj2`h2

q1{2
`

F̃
pl1,l3q
pj1´j2;ωj1

q
F̃
pl2,l4q
p´j1´h1`j2`h2;´ωj1`h1

q

pG
pl1,l1q
ωj1

G
pl3,l3q
´ωj2

G
pl2,l2q
´ωj1`h1

G
pl4,l4q
ωj2`h2

q1{2

`
F̃
pl1,l4q
pj1`j2`h2;ωj1

q
F̃
pl2,l3q
p´j1´h1´j2,´ωj1`h1

q

pG
pl1,l1q
ωj1

G
pl4,l4q
ωj2`h2

G
pl2,l2q
´ωj1`h1

G
pl3,l3q
´ωj2

q1{2
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`O

ˆ

1

T

„ F̃
pl1,l3q
pj1´j2;ωj1

q

pG
pl1,l1q
ωj1

G
pl3,l3q
´ωj2

q1{2
`

F̃
pl2,l4q
p´j1´h1`j2`h2;´ωj1`h1

q

pG
pl2,l2q
´ωj1`h1

G
pl4,l4q
ωj2`h2

q1{2

`
F̃
pl1,l4q
pj1`j2`h2;ωj1 q

pG
pl1,l1q
ωj1

G
pl4,l4q
ωj2`h2

q1{2
`

F̃
pl2,l3q
p´j1´h1´j2,´ωj1`h1

q

pG
pl2,l2q
´ωj1`h1

G
pl3,l3q
´ωj2

q1{2



`
1

T 2

˙*

.

By Corollary A.1 (ii), this equals

Σ
pT q
h1,h2

pl4q “ T Cov
`

γ
pT q
h1
pl1, l2q, γ

pT q
h2
pl3, l4q

˘

(S4.1)

“
1

T

T
ÿ

j1,j2“1

G
pl1,l2,l3,l4q
j1,j2

´

F̃
pl1,l3q
pj1´j2;ωj1

q
F̃
pl2,l4q
p´j1´h1`j2`h2;´ωj1`h1

q

` F̃
pl1,l4q
pj1`j2`h2;ωj1

q
F̃
pl2,l3q
p´j1´h1´j2,´ωj1`h1

q
`

2π

T
F̃
pl1 l2,l3 l4q
p´h1`h2;ωj1

,´ωj1`h1
,´ωj2

q

¯

`O

ˆ

1

T

˙

,

where G
pl1,l2,l3,l4q
j1,j2

“ pG
pl1,l1q
ωj1

G
pl2,l2q
ωj1`h1

G
pl3,l3q
ωj2

G
pl4,l4q
ωj2`h2

q´1{2. Similarly,

Σ́
pT q
h1,h2

pl4q “ T Cov
`

γ
pT q
h1
pl1, l2q, γ

pT q
h2
pl3, l4q

˘

(S4.2)

“
1

T

T
ÿ

j1,j2“1

G
pl1,l2,l3,l4q
j1,j2

´

F̃
pl1,l3q
pj1`j2;ωj1

q
F̃
pl2,l4q
p´j1´h1´j2´h2;´ωj1`h1

q

` F̃
pl1,l4q
pj1´j2´h2;ωj1

q
F̃
pl2,l3q
p´j1´h1`j2;´ωj1`h1

q
`

2π

T
F̃
pl1 l2,l3 l4q
p´h1´h2;ωj1

,´ωj1`h1
,ωj2

q

¯

`O

ˆ

1

T

˙

,

Σ̄
pT q
h1,h2

pl4q “ T Cov
`

γ
pT q
h1
pl1, l2q, γ

pT q
h2
pl3, l4q

˘

(S4.3)

“
1

T

T
ÿ

j1,j2“1

G
pl1,l2,l3,l4q
j1,j2

´

F̃
pl1,l3q
p´j1`j2;´ωj1

q
F̃
pl2,l4q
pj1`h1´j2´h2;ωj1`h1

q

` F̃
pl1,l4q
p´j1´j2´h2;´ωj1

q
F̃
pl2,l3q
pj1`h1`j2;ωj1`h1

q
`

2π

T
F̃
pl1 l2,l3 l4q
ph1´h2;´ωj1

,ωj1`h1
,ωj2

q

¯

`O

ˆ

1

T

˙

,

and

Σ̀
pT q
h1,h2

pl4q “ T Cov
`

γ
pT q
h1
pl1, l2q, γ

pT q
h2
pl3, l4q

˘

(S4.4)

“
1

T

T
ÿ

j1,j2“1

´

G
pl1,l2,l3,l4q
j1,j2

F̃
pl1,l3q
p´j1´j2;´ωj1

q
F̃
pl2,l4q
pj1`h1`j2`h2;ωj1`h1

q

` F̃
pl1,l4q
p´j1`j2`h2;´ωj1

q
F̃
pl2,l3q
pj1`h1´j2;ωj1`h1

q
`

2π

T
F̃
pl1 l2,l3 l4q
ph1`h2;´ωj1

,ωj1`h1
,´ωj2

q

¯

`O

ˆ

1

T

˙

.

This completes the proof.
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Similarly, we find for the covariance structure of Theorem E.3:

Υh1,h2pψl1l11 l2l12q “ lim
TÑ8

1

T

T
ÿ

j1,j2“1

´

@

F̃j1´j2;ωj1
pψl2q, ψl1

D@

F̃´j1´h1`j2`h2;´ωj1`h1
pψl12q, ψl11

D

`
@

F̃j1`j2`h2;ωj1
pψl12q, ψl1

D@

F̃´j1´h1´j2,´ωj1`h1
pψl2q, ψl11

D

`
2π

T

@

F̃p´h1`h2;ωj1
,´ωj1`h1

,´ωj2
qpψl2 l12q, ψl1,l11

D

¯

, (S4.5)

Ύh1,h2pψl1l11 l2l12q “ lim
TÑ8

1

T

T
ÿ

j1,j2“1

´

@

F̃j1`j2;ωj1
pψl2q, ψl1

D@

F̃´j1´h1´j2´h2;´ωj1`h1
pψl12q, ψl11

D

`
@

F̃j1´j2´h2;ωj1
pψl12q, ψl1

D@

F̃´j1´h1`j2;´ωj1`h1
pψl2q, ψl11

D

`
2π

T

@

F̃p´h1´h2;ωj1
,´ωj1`h1

,ωj2
qpψl2 l12q, ψl1 l11

D

¯

, (S4.6)

Ῡh1,h2pψl1l11 l2l12q “ lim
TÑ8

1

T

T
ÿ

j1,j2“1

´

@

F̃´j1`j2;´ωj1
pψl2q, ψl1

D@

F̃j1`h1´j2´h2;ωj1`h1
pψl12q, ψl11

D

`
@

F̃´j1´j2´h2;´ωj1
pψl12q, ψl1

D@

F̃j1`h1`j2;ωj1`h1
pψl2q, ψl11

D

`
2π

T

@

F̃ph1´h2;´ωj1
,ωj1`h1

,ωj2
qpψl2 l12q, ψl1 l11

D

¯

(S4.7)

and

Ὺh1,h2pψl1l11 l2l12q “ lim
TÑ8

1

T

T
ÿ

j1,j2“1

´

@

F̃´j1´j2;´ωj1
pψl2q, ψl1

D@

F̃j1`h1`j2`h2;ωj1`h1
pψl12q, ψl11

D

`
@

F̃´j1`j2`h2;´ωj1
pψl12q, ψl1

D@

F̃j1`h1´j2;ωj1`h1
pψl2q, ψl11

D

`
2π

T

@

F̃ph1`h2;´ωj1
,ωj1`h1

,´ωj2
qpψl2 l12q, ψl1 l11

D

¯

(S4.8)

S5 Results for the fourth-order spectrum

Using a basis expansion, the expectation of the fourth-order periodogram operator can be expressed in terms

the cumulants of the upscaled fDFTs. We have

E
“

IpT qωj1
,ωj2

,ωj3
,ωj4

‰

“
1

p2πq3T
p2πT q2DpT qωj1

bDpT qωj2
bDpT qωj3

bDpT qωj4
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“
T

p2πq

´

cum
`

DpT qωj1
, . . . , DpT qωj4

˘

` cum
`

DpT qωj1
, DpT qωj2

˘

b cum
`

DpT qωj3
, DpT qωj4

˘

` S1324pcum
`

DpT qωj1
, DpT qωj3

˘

b cum
`

DpT qωj2
, DpT qωj4

˘

q

` S1423pcum
`

DpT qωj1
, DpT qωj4

˘˘

q b cum
`

DpT qωj2
, DpT qωj3

˘

¯

, (S5.1)

where Theorem B.1 has been applied to reach the second equality. Note that, due to the inclusion of the

function Φ, only those terms are to be considered for which the frequencies satisfy j4 “ ´j1´ j2´ j3 in such

a way that j1 ‰ j2 j1 ‰ j3 and j2 ‰ j3 and j1 ‰ j4. For such values not contained in a proper submanifold,

the products of second-order cumulant tensors are at most of order OpT´2q in an L2 sense under the null

hypothesis. Using Lemma B.1, it follows that, under H0,
�

�

�

�

E
“

IpT qωj1
,ωj2

,ωj3
,ωj4

‰

´
T

p2πq

2π

T 2
Fωj1

,ωj2
,ωj3

�

�

�

�

2

“ O

ˆ

T

T 2

˙

“ O

ˆ

1

T

˙

and hence asymptotically unbiased. Using a standard smoothing kernel argument and a subsequent Taylor

expansion, the estimator (5.4) is readily shown to satisfy

�

�E
“

F̂pT qωj1
,ωj2

,ωj3
,ωj4

‰

´ Fωj1
,ωj2

,ωj3

�

�

2
“ O

ˆ

1

b4T
` b24

˙

and hence

�

�E
ż ż

F̂
pT q
ω,´ω`ωh,´ω1,ω1`ω

1
h
dωdω1 ´

ż ż

Fω,´ω`ωh,´ω1,ω1`ω
1
h
dωdω1

�

�

2
“ O

ˆ

1

b4T
` b24

˙

.

Under the alternative, (S5.1) continues to hold. Again only those combinations of j1, . . . , j4 have to be

considered that are on the principal manifold but not on a proper submanifold. By Lemma B.2, the first term

of the decomposition in (S5.1) now yields the time-integrated fourth order spectral density operator plus an

error term

T

p2πq

ˆ

p2πq

T 2

T´1
ÿ

t“0

Ft{T ;ωj1
,...,ωj4´1

e´i
řk

l“1 tωjl `R4,T

˙

,

where R4,T “ OpT´2q and hence multiplied by T leads to an error of OpT´1q. Additionally, there are three

terms of the form

T

p2πq

ˆ

1

T 2

T´1
ÿ

t,t1“0

Ft{T,ωj1
b Ft{T,ωj3

e´iptpωj1`j2
q`t1pωj3`j4

qq

`R2,T
1

T

T´1
ÿ

t“0

Ft{T,ωj1
e´itpωj1`j2

q `R2,T
1

T

T´1
ÿ

t“0

Ft{T,ωj1
e´itpωj3`j4

q `R2,TR2,T

˙

.

Note that Φ only selects those terms for which the frequencies satisfy j4 “ ´j1 ´ j2 ´ j3 such that j1 ‰ j2

j1 ‰ j3 and j2 ‰ j3. Let R be a remainder element of S2pHq. The second-order terms can be written as

T

p2πq

ˆ

1

T 2

T´1
ÿ

t,t1“0

Ft{T,ωj1
b Ft{T,ωj3

e´ipt´t1qpωj1`j2
q `

R

T

2

|j1 ` j2|2

˙

.
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Therefore, consider bounding their smoothed versions

p2πq3

pb4T q
3

ÿ

k1,k2,k3

K4

´ωj1 ´ αk1
b4

, . . . ,
ωj4 `

ř3
i“1 αki

b4

¯

Φpαk1 , . . . , αk4q

ˆ

1

p2πqT

T´1
ÿ

t,t1“0

Ft{T,αk1
b Ft1{T,αk3

e´ipt´t1qpαk1`k2
q `

1

p2πq

2R

|k1 ` k2|
2

˙

.

Consider the leading term first. The double sum and nonnegativity of the smoothing kernels allows to derive

the upper bound

p2πq3

pb4T q
3

ÿ

k1,k2,k3

�

�

�

�

K4

´ωj1 ´ αk1
b4

, . . . ,
ωj4 `

ř3
i“1 αki

b4

¯

Φpαkq
1

p2πqT

T´1
ÿ

t,t1“0

Ft{T,αk1
b Ft{T,αk3

e´ipt´t1qpαk1`k2
q

�

�

�

�

2

ď
p2πq2

b34pT q
4

ÿ

k1,k2,k3

K4

´ωj1 ´ αk1
b4

, . . . ,
ωj4 `

ř3
i“1 αki

b4

¯

Φpαkq

ˇ

ˇ

ˇ

ˇ

T´1
ÿ

t,t1“0

e´ipt´t1qpαk1`k2
q

ˇ

ˇ

ˇ

ˇ

�

�Ft{T,αk1
b Ft{T,αk3

�

�

2
,

but since submanifolds, i.e., k1 “ k2, are not allowed via Φ, the above can be bounded by

sup
u,ω
~Fu,ω~

2
2

p2πq2

b34pT q
4

ÿ

k1,k2,k3

K4

´ωj1 ´ αk1
b4

, . . . ,
ωj4 `

ř3
i“1 αki

b4

¯

Φpαkq

ˇ

ˇ

ˇ
∆
pαk1`k2

q

T

ˇ

ˇ

ˇ

2

ď

ˆ

sup
u,ω
~Fu,ω~

2
2Op

1

b4T
q

˙

“ O

ˆ

1

b4T 2

˙

.

Now consider the two error terms. A change of variables gives

p2πq3

pb4T q
3

ÿ

k1,k2,k3

K4

´ωk1
b4
, . . . ,

ωk4
b4

¯

Φpωj ´́́ αkq
R

|j1 ´ k1 ` j2 ´ k2|
2

and by the p-harmonic series this is of order
�

�

�

�

p2πq3

pb4T q
3

ÿ

k2,k3,l

K4

´ωl
b4
, . . . ,

ωk4
b4

¯

Φpωj ´́́ αkq
R

|l|2

�

�

�

�

2

“ O
´ 1

b4T

¯

.

Therefore, a similar argument as under the null yields
�

�

�

�

E
„
ż ż

F̂
pT q
ω,´ω`ωh,´ω1,ω1`ω

1
h
dωdω1



´

ż ż

Gω,´ω`ωh,´ω1,ω1`ω
1
h
dωdω1

�

�

�

�

2

“ O

ˆ

1

b4T
` b24

˙

,

where Gω,´ω`ωh,´ω1,ω1`ω
1
h

is the time-integrated fourth-order spectral density operator acting on S2pHCq.
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