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Abstract
Additive model is an effective dimension reduction model that provides flexi-

bility to model the relation between a response variable and key covariates. The
literature is largely developed to scalar response and vector covariates. In this pa-
per, more complex data is of interest, where both the response and covariates may
be functions. A functional additive model is proposed together with a new smooth
backfitting algorithm to estimate the unknown regression functions, whose compo-
nents are time-dependent additive functions of the covariates. Due to the sampling
plan, such functional data may not be completely observed as measurements may
only be collected intermittently at discrete time points. We develop a uniform
platform and efficient approach that can cover both dense and sparse functional
data and the needed theory for statistical inference. The oracle properties of the
component functions are also established.

Key Words: Smooth backfitting, local linear smoothing, oracle property, functional
data, longitudinal data.

1 Introduction

Additive model is an effective approach to avoid the curse of dimensionality that
also retains flexibility to model the relation between a response and its covariates. Let Y
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be a univariate response variable with d linearly independent covariates (Z1, · · · ,Zd)> =

Z. The traditional additive model takes the form

E(Y |Z) = µ0 +

d∑
k=1

µk(Zk), (1)

where µ0 = E(Y) and µk(·) is a smooth component function for all k.
Several algorithms have been proposed to estimate the component functions, in-

cluding ordinary backfitting ( Buja et al. (1989)), marginal integration (Linton and
Nielsen (1995)), smooth backfitting (Mammen et al. (1999)) and regression splines (
Stone (1985)). Oracle property is of interest for additive models, that is, one can achieve
the same asymptotic property for a particular component as if all the other component
functions were known. With strict constraints on the dependence between covariates,
Opsomer and Ruppert (1997) and Opsomer (2000) showed that the ordinary backfit-
ting method works but cannot achieved the oracle bias. While the marginal integra-
tion method cannot attain the oracle property, two improved versions by Linton (1997)
and Fan et al. (1998) can achieve the oracle bias and variance. However, all marginal
integration approaches suffer from the curse of dimensionality. This motivated Mam-
men et al. (1999) to propose the smooth backfitting algorithm, which can overcome the
curse of dimensionality and achieve the oracle bias and variance when a local linear
estimate is employed in the smooth backfitting algorithm. Spline approaches usually
lack tractable bias and variance expressions. Wang and Yang (2007) and Wang and
Yang (2009) overcome this theoretical hurdle by adding a second stage to backfit the
spline estimator with a local smoother so that the two-stage spline-backfitted kernel es-
timator are asymptotically tractable and retain the oracle property for both the bias and
variance.

All the aforementioned discussion is for univariate and independent response data
with vector covariates. In this paper we are interested in modeling functional or longitu-
dinal response data with possibly functional or longitudinal covariates. Let Y(t) denote
the response function and Z(t) = (Z1(t), · · · ,Zd(t))> its functional covariates defined on
an interval, which is assumed to be [0, 1] for simplicity. Some extensions of equation
(1) or its generalized version have been considered for functional and longitudinal data
and they take the form:

E(Y(t)|Z) = E(Y(t)|Z(t)) = µ0 +

d∑
k=1

µk(Zk(t)), (2)

where Z is the vector of functional covariates. This line of work includes Berhane and
Tibshirani (1998), Lin and Zhang (1999), Carroll et al. (2009), You and Zhou (2007),
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and Xue et al. (2010).
A closer look at equation (2) reveals that the effect of time on the component

functions are only through the values of the functional or longitudinal covariates at that
time, so these component functions are time independent. More specifically, let m be
the regression function defined by m(t, z) = E(Y(t)|Z(t) = z) where z = (z1, . . . , zd)>.
Equation (2) is equivalent to

m(t, z) = µ0 +

d∑
k=1

µk(zk). (3)

This could be restrictive or should at least be validated. We adopt a dynamic
approach that allows the component functions to vary with time and this leads to two-
dimensional component functions and the following additive model:

m(t, z) = µ0(t) +

d∑
k=1

µk(t, zk), (4)

where µ0(·) is the overall mean function and µk(·, ·) are the component functions. It is
assumed that µk, 0 ≤ k ≤ d, are smooth functions.

Such a model is a natural extension of the conventional additive model (1) by
allowing equation (1) to hold for any given time t through time dynamic bivariate com-
ponent functions. It can also be viewed as a dimension reduction approach for the
model in Jiang and Wang (2010) to accommodate multiple covariates through an ad-
ditive structure. The new model not only enjoys the merit of dimension reduction but
also captures the time-dynamic relation of functional and longitudinal covariates and
responses. Moreover, since model (3) is nested within model (4), the latter can be used
for model checking of model (3) or other submodels.

To estimate the component functions in model (4), we adopt the smooth backfitting
algorithm with a local linear smoother. Here, we need to extend the smooth backfitting
algorithm by Mammen et al. (1999) to two dimensional setting and this triggers some
technical challenges as unlike model (1) or (2) the mean function is not additive in t,
hence the resulted additive space of the mean function may not be a closed subspace
of L2([0, 1]). Moreover, the algorithm involves higher dimensional smoothing. Despite
these challenges, we establish some uniform results in t and covariate values, and obtain
the oracle bias and variance together with joint asymptotic normality of the component
functions.

The paper is organized as follows: Section 2 introduces the sampling plan and the
model together with the estimation approach. Asymptotic properties of the estimator are
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presented in Section 3. A plug-in method for bandwidth choice is introduced in Section
4. Simulation results and a real data application are respectively shown in Section 5 and
Section 6. Discussions and conclusions are in Section 7.

2 Methodology

The functional response Y(t) and covariates, Z(t) = (Z1(t), · · · ,Zd(t))>, we con-
sider in this paper are regarded as L2-stochastic processes on an interval, which we
assume to be [0, 1] for convenience. Let Zi denote i.i.d. copies of Z and Yi i.i.d. copies
of Y , so Zi and Yi are all L2-stochastic processes on [0, 1]. Based on equation (4), the
model for Yi(t) after adding a stochastic component wi(t) is:

Yi(t) = µ0(t) +

d∑
k=1

µk(t,Zik(t)) + wi(t), (5)

where wi’s are i.i.d. copies of a L2-stochastic processes w on [0, 1] with E(w(t)|Z(t)) = 0
and correlation may exists between w(s) and w(t) at any points s and t .

2.1 Model

Instead of observing the entire covariate and response processes, in longitudinal
studies they are observed intermittently at discrete time points. Specifically, for the ith
subject i = 1, · · · , n, we observe Ti j : j = 1, · · · ,Ni, and the response may further be
subject to random noises ei j, which are i.i.d. copies of e. Thus, for the ith subject,
we observe {(Ti j,Zi j,Yi j) : i = 1, · · · ,Ni}, where Zi(Ti j) = (Zi j1,Zi j2, . . . ,Zi jd)> and
Yi j = Yi(Ti j) + ei j. It follows from (5) that the observations Yi j, Ti j and Zi j admit the
following longitudinal additive model:

Yi j = µ0(Ti j) +

d∑
k=1

µk(Ti j,Zi jk) + wi j + ei j, 1 ≤ j ≤ Ni; 1 ≤ i ≤ n, (6)

where wi j = wi(Ti j) and E(wi j|Ti j,Zi j) = 0.
We assume that Ti j are independent of the process Zi. We also assume that

Ni, i = 1, . . . , n, are i.i.d. copies of a random variable N but our technical arguments are
valid for non-stochastic Ni with obvious modification. Conditioning on N1, . . . ,Nn, the
time points Ti j are i.i.d. copies of a random variable T . Therefore, Zi j are identically
distributed as Z(T ) across all i and j, independent across the n subjects, but correlated
within each subject.
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2.2 Smooth Backfitting

To estimate the component functions µ0 and µk in the longitudinal additive model
(6), we need to develop a time-dynamic version of the smooth backfitting technique by
Mammen et al. (1999). Throughout the paper we denote the joint density of (T,Z(T ))
by p(t, z), and that of (T,Zk(T )) by pk(t, zk). Let p(·|t) and pk(·|t) be the densities of
Z(t) and Zk(t), respectively, and pT be the density of T , then p(t, z) = pT (t)p(z|t) and
pk(t, zk) = pT (t)pk(zk|t). Note that the additive components µk in model (6) are not
identifiable, so we impose the following constraints:∫

µk(t, zk)pk(zk|t) dzk = 0 for each t, 1 ≤ k ≤ d. (7)

2.2.1 Objective function

Writing Y∗ = m(T,Z(T )) + w(T ) + e, where w is the stochastic component of the
response process Y defined right after (5) and e is the random noise defined shortly
before (6), we identify the functions µk, 0 ≤ k ≤ d, by minimizing E[Y∗ − θ0(T ) −∑d

k=1 θk(T,Zk(T ))]2. This can be done by minimizing, for each t,

E


Y∗ − θ0(T ) −

d∑
k=1

θk(T,Zk(T ))

2 ∣∣∣∣∣∣ T = t

 (8)

=

∫
E


Y∗ − θ0(T ) −

d∑
k=1

θk(T,Zk(T ))

2 ∣∣∣∣∣∣ T = t,Z(T ) = z

 p(z|t) dz.

A kernel-type estimator of the conditional mean inside of the integration is given by

p̂(t, z)−1 ·
1
Ns

n∑
i=1

Ni∑
j=1

Yi j − θ0(Ti j) −
d∑

k=1

θk(Ti j,Zi jk)

2

Kh(t, z; Ti j,Zi j), (9)

where Ns =
∑n

i=1 Ni, Kh(·; ·) is a multivariate kernel function to be defined below, and
p̂(t, z) is the kernel density estimator of p(t, z) defined by

p̂(t, z) = N−1
s

n∑
i=1

Ni∑
j=1

Kh(t, z; Ti j,Zi j).

To define the multivariate kernel function Kh(·; ·), let K denote a univariate ker-
nel function, and for a bandwidth h define a boundary corrected kernel Kh(·; ·), as in
Mammen et al. (1999) and Yu et al. (2008), by

Kh(u; v) =
K((u − v)/h)/h∫

I
[K((x − v)/h)/h]dx

· I(u, v ∈ I),
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where I is the support of the random variable that kernel smoothing is applied to. With
a slight abuse of notation, we write Kh(t, z; s,u) = Kh0(t; s)

∏d
k=1 Khk(zk; uk) for a band-

width vector h = (h0, h1, . . . , hd). Also, we define Kh0,hk(t, zk; s, uk) =
∫

Kh(t, z; s,u) dz−k

which equals Kh0(t; s)Khk(zk; uk), where z−k for a given vector denotes the vector (z1, . . . , zd)>

without its kth component.
Next, we approximate the unknown functions θ0 and θk in (9) locally by polyno-

mials. For simplicity and inspired by its excellent practical and theoretical properties
in various regression settings, we adopt linear polynomials and this leads to local lin-
ear smoothing. Thus, we approximate θ0(Ti j) and θk(Ti j,Zi jk) in the bracket at (9) by
θ0,0(t) + θ0,1(t)(Ti j − t)/h0 and θk,0(t, zk) + θk,1(t, zk)(Ti j − t)/h0 + θk,2(t, zk)(Zi jk − zk)/hk, re-
spectively, where θ0,1/h0 and θk,1/h0, respectively, are the (partial) derivatives of θ0,0 and
θk,0 with respect to the first argument, and θk,2/hk are the partial derivatives of θk with
respect to the second argument. These considerations lead to the following estimator of
the left hand side of (8):

p̂T (t)−1
∫

1
Ns

n∑
i=1

Ni∑
j=1

Yi j − θ0,0(t) − θ0,1(t)
(
Ti j − t

h0

)
−

d∑
k=1

θk,0(t, zk)

−

d∑
k=1

θk,1(t, zk)
(
Ti j − t

h0

)
−

d∑
k=1

θk,2(t, zk)
(
Zi jk − zk

hk

)2

Kh(t, z; Ti j,Zi j) dz,(10)

where p̂T is the kernel density estimator of pT defined by

p̂T (t) = N−1
s

n∑
i=1

Ni∑
j=1

Kh0(t; Ti j). (11)

We consider minimizing, for each t, the integrated kernel-weighted squared error
in (10) over the space of tuples of functions θ = (θ0,0, θ0,1; {θk,0, θk,1, θk,2}

d
k=1)> such that

θ0 and θ0,1 are constants and θk,0, θk,1 and θk,2 for 1 ≤ k ≤ d are univariate functions
satisfying the constraints∫ [

θk,0(zk) p̂k(zk|t) + θk,1(zk) p̂k,1(zk|t) + θk,2(zk) p̂k,2(zk|t)
]

dzk = 0. (12)

For a given triplet (θk,0, θk,1, θk,2) satisfying (7), the adjusted version (θ∗k,0, θk,1, θk,2) satis-
fies the constraint (12), where θ∗k,0(zk) = θk,0(zk) −

∫
[θk,0(zk)p̂k(zk|t) + θk,1(zk) p̂k,1(zk|t) +

θk,2(zk) p̂k,2(zk|t)] dzk. The constraints (12) are regarded as empirical versions of those in
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(7) as we will detail in the next section. Here and below, define

p̂k(t, zk) =
1
Ns

n∑
i=1

Ni∑
j=1

Kh0,hk(t, zk; Ti j,Zi jk), (13)

p̂k,1(t, zk) =
1
Ns

n∑
i=1

Ni∑
j=1

(
Ti j − t

h0

)
Kh0,hk(t, zk; Ti j,Zi jk), (14)

p̂k,2(t, zk) =
1
Ns

n∑
i=1

Ni∑
j=1

(
Zi jk − zk

hk

)
Kh0,hk(t, zk; Ti j,Zi jk) (15)

and

p̂k(zk|t) = p̂k(t, zk)/ p̂T (t) p̂k,1(zk|t) = p̂k,1(t, zk)/ p̂T (t) p̂k,2(zk|t) = p̂k,2(t, zk)/p̂T (t)
(16)

where p̂T (t) is defined in (11).
Minimization of (10) cannot be done inside of the integration with respect to z

since it would not produce a solution with additive structure. Thus, integration with
respect to z is the key element of the proposed method.

2.2.2 Solution

Let (µ̂0,0(t), µ̂0,1(t); {µ̂k,0(t, ·), µ̂k,1(t, ·), µ̂k,2(t, ·)}dk=1)> = θ̂ where

θ̂ = argmin
θ

∫
1
Ns

n∑
i=1

Ni∑
j=1

[
Yi j − θ0,0(t) − θ0,1(t)

(
Ti j − t

h0

)
−

d∑
k=1

θk,0(t, zk)

−

d∑
k=1

θk,1(t, zk)
(
Ti j − t

h0

)
−

d∑
k=1

θk,2(t, zk)
(
Zi jk − zk

hk

) ]2

Kh(t, z; Ti j,Zi j) dz, (17)

subject to the constraints (12). The estimators µ̂0,0 and µ̂0,1 are in fact the intercept and
slope of the local linear smoothers obtained by regressing Yi j onto Ti j. Thus, they can be
obtained independently of µ̂k,0, µ̂k,1, µ̂k,2. To see this, we note that, by the score equation
of (17) and the constraints (12), µ̂0,0 and µ̂0,1 satisfy∫

1
Ns

n∑
i=1

Ni∑
j=1

[
Yi j − µ̂0,0(t) − µ̂0,1(t)

(
Ti j − t

h0

)]
Kh(t, z; Ti j,Zi j) dz = 0

∫
1
Ns

n∑
i=1

Ni∑
j=1

[
Yi j − µ̂0,0(t) − µ̂0,1(t)

(
Ti j − t

h0

)] (
Ti j − t

h0

)
Kh(t, z; Ti j,Zi j) dz = 0

for all t. Since
∫

Kh(t, z; Ti j,Zi j) dz = Kh0(t; Ti j), this implies

(µ̂0,0(t), µ̂0,1(t)) = argmin
β0,β1

1
Ns

n∑
i=1

Ni∑
j=1

[
Yi j − β0(t) − β1(t)

(
Ti j − t

h0

)]2

Kht(t; Ti j). (18)
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To find µ̂k,0(t, ·), µ̂k,1(t, ·) and µ̂k,2(t, ·), we minimize∫
1
Ns

n∑
i=1

Ni∑
j=1

Yi j − µ̂0,0(t) − µ̂0,1(t)
(
Ti j − t

h0

)
−

d∑
k=1

θk,0(zk)

−

d∑
k=1

θk,1(zk)
(
Ti j − t

h0

)
−

d∑
k=1

θk,2(zk)
(
Zi jk − zk

hk

)2

Kh(t, z; Ti j,Zi j) dz.

Define vi j(t, z) = (1, (Ti j − t)/h0, (Zi j1 − z1)/h1, . . . , (Zi jd − zd)/hd)> and vi jk(t, zk) =

(1, (Ti j − t)/h0, (Zi jk − zk)/hk)> for 1 ≤ k ≤ d. Note that vi jk(t, zk) = J>k vi j(t, z), where

Jk = (11, 12, 1k+2), 1l = (0>l−1, 1, 0
>
d+2−l)

>, (19)

and 0l denotes the zero-vector of dimension l with obvious meaning for 00. Also, define
µ̂k(t, zk) = (µ̂k,0(t, zk), µ̂k,1(t, zk), 0>k−1, µ̂k,2(t, zk), 0>d−k)

> and µ̂0(t) = (µ̂0,0(t), µ̂0,1(t), 0>d )>.
Likewise, for a given triplet of univariate functions (θk,0, θk,1, θk,2), let θk(zk) =

(θk,0(zk), θk,1(zk), 0>k−1, θk,2(zk), 0>d−k)
>. Then, the solutions µ̂k(t, ·) = θ̂k for 1 ≤ k ≤ d,

where

{θ̂k}
d
k=1 = argmin

{θk}
d
k=1

∫
1
Ns

n∑
i=1

Ni∑
j=1

Yi j −

µ̂0(t) +

d∑
k=1

θk(zk)

> vi j(t, z)


2

Kh(t, z; Ti j,Zi j) dz.(20)

They satisfy ∫
1
Ns

n∑
i=1

Ni∑
j=1

Yi j −

µ̂0(t) +

d∑
k=1

µ̂k(t, zk)

> vi j(t, z)


× vi jk(t, zk)Kh(t, z; Ti j,Zi j) dz−k = 03, 1 ≤ k ≤ d. (21)

Let m̂k(t, zk) = (m̂k,0(t, zk), m̂k,1(t, zk), 0>k−1, m̂k,2(t, zk), 0>d−k)
>, where m̂k,0(t, zk), m̂k,1(t, zk)

and m̂k,2(t, zk) denote the local linear estimators obtained by regressing Yi j onto (Ti j,Zi jk),
that is,

m̂k(t, zk) = argmin
β

1
Ns

n∑
i=1

Ni∑
j=1

(
Yi j − v>i jkβ

)2
Kh0,hk(t, z; Ti j,Zi jk). (22)

They solve the system of the equations

1
Ns

n∑
i=1

Ni∑
j=1

(
Yi j − m̂k(t, zk)>vi j(t, z)

)
vi jk(t, zk)Kh0,hk(t, zk; Ti j,Zi jk) = 03.

Since
∫

Kh(t, z; Ti j,Zi j) dz−k = Kh0,hk(t, zk; Ti j,Zi jk) and m̂k(t, zk)>vi j(t, z) depends only
on t and zk, the system of equations (21) is equivalent to∫

1
Ns

n∑
i=1

Ni∑
j=1

vi jk(t, zk)vi j(t, z)>
m̂k(t, zk) − µ̂0(t) −

d∑
l=1

µ̂l(t, zl)


×Kh(t, z; Ti j,Zi j) dz−k = 03, 1 ≤ k ≤ d. (23)
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Define

M̂(t, z) =
1
Ns

n∑
i=1

Ni∑
j=1

vi j(t, z)vi j(t, z)>Kh(t, z; Ti j,Zi j), (24)

and for k , l,

M̂kl(t, zk, zl) =
1
Ns

n∑
i=1

Ni∑
j=1

vi jk(t, zk)vi jl(t, zl)>Kh0,hk ,hl(t, zk, zl; Ti j,Zi jk,Zi jl), (25)

M̂kk(t, zk) =
1
Ns

n∑
i=1

Ni∑
j=1

vi jk(t, zk)vi jk(t, zk)>Kh0,hk(t, zk; Ti j,Zi jk). (26)

Then, the system of the equations (23) can be expressed as the following smooth back-
fitting equation: for 1 ≤ k ≤ d,

µ̂k(t, zk) = m̂k(t, zk) − µ̂0(t) −
d∑

l,k

∫
M̂kk(t, zk)−1M̂kl(t, zk, zl)µ̂l(t, zl) dzl, (27)

where, with a slight abuse of notation, µ̂k(t, zk), m̂k(t, zk) and µ̂0(t) are the three-dimensional
vector obtained by deleting (d − 1) zero entries in their definitions.

Projection Interpretation: We now discuss a projection interpretation of the smooth
backfitting estimators µ̂k(t, ·) and how the constraints (12) are motivated. Let m̂(t, z) be
the full-dimensional local linear estimator that solves

1
Ns

n∑
i=1

Ni∑
j=1

(
Yi j − θ

>vi j(t, z)
)

vi j(t, z)Kh(t, z; Ti j,Zi j) = 0, (28)

for each fixed (t, z). It can be shown that it satisfies∫
1
Ns

n∑
i=1

Ni∑
j=1

vi jk(t, zk)vi j(t, z)>
m̂(t, z) − µ̂0(t) −

d∑
l=1

µ̂l(t, zl)

 Kh(t, z; Ti j,Zi j) dz−k = 03,

for all 1 ≤ k ≤ d. This implies that µ̂k(t, ·), for 1 ≤ k ≤ d, minimizes∫
1
Ns

n∑
i=1

Ni∑
j=1


m̂(t, z) − µ̂0(t) −

d∑
k=1

θk(zk)

> vi j(t, z)


2

Kh(t, z; Ti j,Zi j) dz

=

∫ m̂(t, z) − µ̂0(t) −
d∑

k=1

θk(zk)

> M̂(t, z)

m̂(t, z) − µ̂0(t) −
d∑

k=1

θk(zk)

 dz(29)

over θk, where θk take the form θk(zk) = (θk,0(zk), θk,1(zk), 0>k−1, θk,2(zk), 0>d−k)
> for some

univariate functions θk,0, θk,1 and θk,2. M̂(t, z) is defined in (24). This projection inter-
pretation underscores the appeal of the objective function (8), as we illustrate below.
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The full-dimensional estimator m̂(t, z) aims at
m(t, z) = (m(t, z),m1(t, z),m1,2(t, z), . . . ,md,2(t, z))>, where m1(t, z)/h0 is the partial deriva-
tive of m(t, z) with respect to t, and mk,2(t, z)/hk is its partial derivative with respect to
zk. From model (4), m1(t, z)/h0 = ∂µ0(t)/∂t +

∑d
k=1 ∂µk(t, zk)/∂t and mk,2(t, z)/hk =

∂µk(t, zk)/∂zk. Since E(Y |T = t,Z(t) = z) = m(t, z) and by (7), minimization of (8) is
equivalent to minimization of∫ m(t, z) − µ0(t) −

d∑
k=1

θk(zk)

> P(t, z)

m(t, z) − µ0(t) −
d∑

k=1

θk(zk)

 dz, (30)

where
P(t, z) = p(z|t)D, (31)

and D is a d + 2 by d + 2 diagonal matrix with the first diagonal entry 1 and the other
diagonal entries

∫
u2K(u)du.

Thus, the true functions µk(t, ·) are obtained by projecting the full-dimensional
mean function (m(t, ·) − µ0(t)) onto the space of additive functions, H t, equipped with
a norm ‖ · ‖∗(t) defined by ‖f‖2

∗(t) =
∫

f(z)>P(t, z)f(z) dz, while their estimators µ̂k(t, ·) are
obtained by projecting the full-dimensional estimator (m̂(t, ·) − µ̂0(t)) onto the space
of additive functions, H t(M̂), equipped with a norm ‖ · ‖M̂(t) defined by ‖f‖2

M̂(t)
=∫

f(z)>M̂(t, z)f(z) dz. For rigorous definitions of the two spaces, see (38) and (39) in
the proof of Theorem 1 in Appendix.

Note that M̂(t, z), m̂(t, z) and µ̂0(t) approximate, respectively, pT (t)P(t, z), m(t, z)
and µ0(t). Thus the projection induced in equation (29) is an empirical version of the
projection induced in equation (30), since pT (t) does not involve z. Therefore µ̂k(t, ·)
should be an approximate of µk(t, ·).

The constraints (12) are nothing else than the requirement that µ̂k(t, ·) are perpen-
dicular, inH t(M̂), to the vector (1, 0>d+1)>. That is

〈(1, 0>d+1)>, µ̂k(t, z)〉M̂(t) =

∫
(1, 0>d+1)M̂(t, z)µ̂k(t, z) dz = 0.

These are empirical versions of the constraints (7), which are equivalent to

〈(1, 0>d+1)>, µ̂k(t, z)〉∗(t) =

∫
(1, 0>d+1)P(t, z)µk(t, zk) dz

=

∫
(1, 0>d+1)µk(t, zk)p(z|t) dz = 0.

10



2.2.3 Algorithm

Based on the system of the integral equations in (27), the smooth backfitting algo-
rithm starts with the estimates, m̂k(t, zk), µ̂0(t), p̂k(t, zk), p̂k,1(t, zk), p̂k,2(t, zk), M̂kk(t, zk)
and M̂kl(t, zk, zl) for all k (see equations (22), (18), (11), (13), (24) and (25)) and then
the following steps:

• Step 1: Set r = 0. Get initial estimates µ̂[0]
k for all k satisfying the constraints (12).

One may use the adjusted version of m̂k right after equation (12) for the initial
µ̂[0]

k .

• Step 2: In the rth iteration, update µ̂[r−1]
k , for 1 ≤ k ≤ d, by the formulas

µ̂[r]
k (t, zk) = m̂k(t, zk) − µ̂0(t) −

d∑
l<k

∫
M̂kk(t, zk)−1M̂kl(t, zk, zl)µ̂

[r]
l (t, zl) dzl

−

d∑
l>k

∫
M̂kk(t, zk)−1M̂kl(t, zk, zl)µ̂

[r−1]
l (t, zl) dzl.

• Step 3: Repeat Step 2 until the convergence criterion is satisfied. The convergence
criterion is that, for all 1 ≤ k ≤ d,∫

|µ̂[r]
k,0(t, zk) − µ̂

[r−1]
k,0 (t, zk)|2 dzk dt∫

|µ̂[r−1]
k,0 (t, zk)|2 dzk dt

< ε

for a pre-specified small positive real number ε.

We note that the formula in Step 2 gives an updated µ̂[r]
k that satisfies automatically the

constraints (12), provided that the inputs µ̂[r]
l for l < k and µ̂[r−1]

l for l > k satisfy the con-
straints. This follows from the following three facts: (i) ( p̂k(t, zk), p̂k,1(t, zk), p̂k,2(t, zk))>

is the first row of the matrix M̂kk(t, zk); (ii) the first entry of the vector∫
M̂kk(t, zk)

[
m̂k(t, zk) − µ̂0(t)

]
dzk equals zero; (iii) the constraint (12) on µ̂l is equiva-

lent to requiring that the first entry of the vector
∫

M̂kl(t, zk, zl)µ̂l(t, zl) dzl equals zero.
Thus, once the initial estimates satisfy the constraints, no adjustment is necessary in the
subsequent steps.

3 Asymptotic Properties

In this section, we first show in Theorem 1 that the smooth backfitting algorithm
converges to the solution of the smooth backfitting equation in the L2 norm. Then, we

11



give in Theorems 2 and 3 the respective uniform convergence rates of the stochastic and
deterministic parts of the solution, which result in the oracle properties of the solution.
For the theoretical results, we need Assumptions (A1)-(A8), which can be found in the
Appendix. Below in the theorems, µ̂k are of (d + 2)-dimension, and | · | denotes the
Euclidean norm.

Theorem 1. Suppose that Assumptions (A1)-(A8) hold. With probability tending to one,
there exists a unique solution of the smooth backfitting equation (27). Moreover, there
exist constants 0 < C < ∞ and 0 < γ < 1 such that, with probability tending to one,∫ ∣∣∣µ̂[r]

k (t, zk) − µ̂k(t, zk)
∣∣∣2 pk(t, zk) dzk dt ≤ C · Γ · γr, (32)

where Γ is the value of the squared L2 norm of the starting estimators µ̂[0]
k given by

Γ =
∑d

k=1

∫
|µ̂[0]

k (t, zk)|2 pk(t, zk) dzk dt.

The left hand side of (32) has integration with respect to t. In fact, (32) also holds
pointwise in t: for each t, there exist constants 0 < C(t) < ∞ and 0 < γ(t) < 1 that de-
pend on t such that, with probability tending to one,

∫ ∣∣∣µ̂[r]
k (t, zk) − µ̂k(t, zk)

∣∣∣2 pk(t, zk) dzk ≤

C(t) · Γ(t) · γ(t)r, where Γ(t) =
∑d

k=1

∫
|µ̂[0]

k (t, zk)|2 pk(t, zk) dz. In the proof of Theorem 1,
we show that γ(t) as a function of t is continuous, which implies γ is bounded by an
absolute positive constant, γ, which is strictly less than 1. This plays an important role
in proving the uniform results in Theorems 2 and 3 below.

Now, we give some relevant approximations of the estimators µ̂k, 1 ≤ k ≤ d. For
this, we decompose µ̂k into two parts, one attributed to δi j and the other to m(Ti j,Zi j) in
Yi j = m(Ti j,Zi j) + δi j, where δi j = wi(Ti j) + ei j which are identically distributed for all
i and j, independent across i, but may be correlated across j within the ith subject. Let
µ̂A

0 and µ̂B
0 be, respectively, the version of µ̂0 obtained by substituting δi j and m(Ti j,Zi j)

in place of Yi j in (18). Likewise, define m̂A
k and m̂B

k to be respectively the corresponding
version of m̂k with δi j and m(Ti j,Zi j) in place of Yi j in (22). Next, we replace µ̂0 and m̂k

in (27) by µ̂A
0 and m̂A

k respectively, and denote the new solution as µ̂A
k . Then µ̂B

k can be
defined likewise. Thus,

µ̂k(t, zk) = µ̂A
k (t, zk) + µ̂B

k (t, zk), m̂k(t, zk) = m̂A
k (t, zk) + m̂B

k (t, zk). (33)

The next theorem is for the approximation of µ̂A
k . To state the theorem, let I0 = [h0, 1 −

h0] and Ik = [minZk + hk,maxZk − hk] where Zk is the support of Zk for 1 ≤ k ≤ d. Let
Z = Z1 × · · · × Zd

Theorem 2. Under the assumptions of Theorem 1,

sup
t∈I0,zk∈Ik

∣∣∣µ̂A
k (t, zk) − m̂A

k (t, zk)
∣∣∣ = op((nEN)−1/3).
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Next, we give a uniform approximation of µ̂B
k . Define

µk(t, zk) =
(
µk(t, zk), h0∂µk(t, zk)/∂t, 0>k−1, hk∂µk(t, zk)/∂zk, 0>d−k

)>
.

This is in fact what µ̂k(t, zk) aims at. Also, define

βk(t, zk) =
1
2

(∫
u2K(u)du

) [
∂2µk(t, zk)

∂t2 h2
0 +

∂2µk(t, zk)
∂z2

k

h2
k

]
− ck(t), (34)

where ck(t) is chosen so that
∫
βk(t, zk)pk(zk|t) dzk = 0. Let βk(t, zk) = βk(t, zk)11.

Theorem 3. Under the assumptions of Theorem 1,

sup
t∈I0,zk∈Ik

∣∣∣ µ̂B
k (t, zk) − µk(t, zk) − βk(t, zk)

∣∣∣ = op((nEN)−1/3).

The vector of functions βk(t, zk) is the leading bias of µ̂k(t, zk) as an estimator of
µk(t, zk). The theorem implies that the conditional bias of µ̂k,0(t, zk) given {(Ti j,Zi j)}
equals βk(t, zk) + op((nEN)−1/3). Since all entries of βk except the first one are zero,
the theorem also implies that the conditional biases of the corresponding estimators of
h0∂µk(t, zk)/∂t and hk∂µk(t, zk)/∂zk are of magnitude op((nEN)−1/3). This means that the
conditional biases of the estimators of the derivatives ∂µk(t, zk)/∂t and ∂µk(t, zk)/∂zk are
op((nEN)−1/6). If one applies the local quadratic or even higher-order local polyno-
mial smoothing, then one may derive the leading bias terms for the estimators of the
derivatives as well, smoothness of µk(t, zk) being permitted.

The preceding two theorems gives the following results which demonstrate the
joint asymptotic distribution of µ̂k,0(t, zk).

Theorem 4. Suppose that (nEN)1/6hk → ak for 0 ≤ k ≤ d. Let t and zk be fixed points
in (0, 1) and Zo

k , for 1 ≤ k ≤ d. Then, under the assumptions of Theorem 1,

(nEN)1/3


µ̂1,0(t, z1) − µ1(t, z1)

...

µ̂d,0(t, zd) − µd(t, zd)

 d
−→ N



β∗1(t, z1)

...

β∗d(t, zd)

 ,


v1(t, z1) · · · 0

0 . . . 0
0 · · · vd(t, zd)


 ,

where

β∗k(t, zk) =
1
2

(∫
u2K(u)du

) [
∂2µk(t, zk)

∂t2 a2
0 +

∂2µk(t, zk)
∂z2

k

a2
k

]
− c∗k(t),

c∗k(t) is chosen to satisfy
∫
β∗k(t, zk)pk(zk|t) dzk = 0, and

vk(t, zk) =

∫
K2(u)du Var(Y∗|T = t,Zk(t) = zk) pk(t, zk)−1a−1

0 a−1
k .

We can see from Theorem 4 that each estimator µ̂k(t, zk) achieves the oracle asymp-
totic bias and variance. This means that it has the same asymptotic distribution of the
local linear estimator which is based on the knowledge of all other components µ0(t)
and µl(t, zl), l , k.
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4 Bandwidth Choice

Bandwidth choice is an open question for functional data. ? propose the proper
way to perform cross validation by a leave-one-subject-out approach. This has been
implemented satisfactorily in Jiang and Wang (2010) to estimate the mean function
when there is only one covariate, so we recommend its use to estimate the overall mean
function µ0(t). As for the bandwidths of the component functions, however, leave-one-
subject-out cross validation would be very time consuming, especially for the additive
model (4) , when there are multiple bandwidths to be selected for the component func-
tion. A simple and appealing approach was proposed in for a varying coefficient model
using a plug-in method based on a polynomial approximation of the second derivatives
of the component functions. The situation is more complicated for our setting due to the
bivariate nature of the component functions and the fact that the time component is in-
volved in all components. However, a clever profile approach alleviates these difficulties
and we establish in this section a new plug-in method for the choice of the bandwidths
hk, k = 0, . . . , d used in estimating the additive components. Numerical performance of
this new bandwidth choice method is satisfactory as reflected in the simulation study in
Section 5.

For compact output intervals, T for time t, Lk, k = 1, . . . , d for covariates, the
asymptotic mean integrated squared error (MISE) of µ̂k(t, zk), 1 ≤ k ≤ d defined on
those intervals is

MISEk =

∫
T×Lk

[1
2

∫
u2K(u)du

(
∂2µk(t, zk)

∂t2 h2
0 +

∂2µk(t, zk)
∂z2

k

h2
k

) ]2

pk(t, zk)dzkdt

+

∫
K2(u)du

nENh0hk

∫
T×Lk

Var(Y∗|T = t,Zk(t) = zk)dzkdt. (35)

We would like to choose the optimal bandwidths hk, k = 0, . . . , d which minimize∑d
k=1 MISEk. The basic idea is similar to profile methods: for a given h0, choose hk(h0),

dependent on h0, which minimizes MISEk. Denote such minimum by MISEk(h0). Then
choose the optimal h0 which minimizes

∑d
k=1 MISEk(h0). The optimal hk, 1 ≤ k ≤ d are

correspondingly obtained.
To calculate MISEk, we need to estimate

Dk =

∫
T×Lk

(
∂2µk(t, zk)

∂t2

)2

pk(t, zk)dzkdt, Ek =

∫
T×Lk

(
∂2µk(t, zk)

∂z2
k

)2

pk(t, zk)dzkdt,

Fk =

∫
T×Lk

(
∂2µk(t, zk)

∂t2

∂2µk(t, zk)
∂z2

k

)
pk(t, zk)dzkdt, Gk(t, zk) = Var(Y∗|T = t,Zk(t) = zk).
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The second derivatives in Dk, Ek and Fk can be estimated by fitting a cubic poly-
nomial on T and Z. We first subtract the overall mean function obtained by fitting a
quadratic polynomial on T and we have Ỹi j = Yi j − (α̂0 + α̂1Ti j + α̂2T 2

i j) where

(α̂0, α̂1, α̂2) = argmin
α0,α1,α2

n∑
i=1

Ni∑
j=1

(
Yi j − (α0 + α1Ti j + α2T 2

i j)
)2
.

Then Dk, Ek and Fk are estimated by

D̂k = N−1
s

n∑
i=1

Ni∑
j=1

(
2β̂2 + 6β̂3Ti j + 2β̂k,5Zi jk

)2
,

Êk = N−1
s

n∑
i=1

Ni∑
j=1

(
2β̂k,2 + 6β̂k,3Zi jk + 2β̂k,6Ti j

)2
,

F̂k = N−1
s

n∑
i=1

Ni∑
j=1

(
β̂2 + 6β̂3Ti j + 2β̂k,5Zi jk

) (
2β̂k,2 + 6β̂k,3Zi jk + 2β̂k,6Ti j

)
,

where

({β̂l}0≤l≤3, {β̂k,m}1≤k≤d,1≤m≤6) = argmin
βl,βk,m

n∑
i=1

Ni∑
j=1

(
Ỹi j −

3∑
l=0

βlT l
i j −

d∑
k=1

[
βk,1Zi jk + βk,2Z2

i jk

+ βk,3Z3
i jk + βk,4Ti jZi jk + βk,5T 2

i jZi jk + βk,6Ti jZ2
i jk

])2

.

Denote the residual, the quantity in the parenthesis above with the β’s replaced by its
estimates, as Ri j. We estimate Gk by

Ĝk(t, zk) = γ̂0 + γ̂1Ti j + γ̂2Zi jk,

where

(γ̂0, γ̂1, γ̂2) = argmin
γ0,γ1,γ2

n∑
i=1

Ni∑
j=1

(
R2

i j − γ0 − γ1Ti j − γ2Zi jk

)2
.

With D̂k, Êk, F̂k and Ĝk(t, zk) plugged in (35), we obtain an approximation of
MISEk, 1 ≤ k ≤ d and the optimal bandwidths are correspondingly obtained from these
approximates.

5 Simulation

Let d = 2 , t ∈ [0, 1], and

m(t, z) = 1 + (t − 0.5)2 + tz2
1 + (1 − t)z2

2.

15



We generate 500 datasets with n = 100 subjects in each dataset. Ni’s are i.i.d.
random variables from a discrete uniform distribution between 2 and 10. For the ith
subject, Ti j, j = 1, . . . ,Ni are i.i.d from uniform distribution on [0, 1]. Two longitudinal
covariates are generated by

Zi j1 = 2Ti j − 0.5 + ai1 + bi1Ti j + ci j1,

Zi j2 = 0.5 + 4(Ti j − 0.5)3 + ai2 + bi2Ti j + ci j2,

where (ai1, bi1, ai2, bi2)> are i.i.d. samples from a multivariate normal distribution with
zero mean and covariance

0.09 −0.03 0.045 −0.03
−0.03 0.04 −0.03 0.02
0.045 −0.03 0.09 −0.03
−0.03 0.02 −0.03 0.04

 ,
and ci j1 and ci j2 are i.i.d. from N(0, 0.42) and both independent of (αi1, βi1, αi2, βi2)>.

The resulting overall mean function is

µ(t) = 1 + (t − 0.5)2 + t(2t − 0.5)2 + (1 − t)[0.5 + 4(t − 0.5)3]2

+ 0.04t2 − 0.06t + 0.25,

and the component functions after taking into account the identification condition (7)
are:

µ1(t, z1) = t
[
z2

1 − 0.04t2 + 0.06t − 0.25 − (2t − 0.5)2
]
,

µ2(t, z2) = (1 − t)
[
z2

2 − 0.04t2 − 0.06t − 0.25 − (0.5 + 4(t − 0.5)3)2
]
.

The stochastic components wi j are generated from wi j = wi(Ti j) =
∑4

q=1 Aiqφq(Ti j),
where Aiq are independent random variables from N(0, λq) and λq = 1/(q + 1)2 for
q = 1, . . . , 4, and

φ1(t) =
√

2 cos(2πt), φ2(t) =
√

2 sin(2πt),

φ3(t) =
√

2 cos(4πt), φ4(t) =
√

2 sin(4πt).

The observed data are Yi j = m(Ti j,Zi j) + wi j + ei j, where ei j are i.i.d. random noises
from N(0, 0.052).

For this simulation, a Gaussian kernel is used. The threshold ε for the convergence
of the smooth backfitting algorithm is 10−4. The summary statistics of the 500 triplets
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of the optimal bandwidths (h0, h1, h2) using the plug-in method are shown in Table ??.
Individual histograms are in Figure ??.

In addition to the plug-in method introduced in Section 4, we also use grid search
to find the optimal bandwidths. Denote |A| as the range of an interval A. Define
AMISE =

∑d
k=1 AMISEk where

AMISEk = |T |−1|Lk|
−1

∫
T×Lk

[
µ̂k,0(t, zk) − µk(t, zk)

]2 dzkdt.

By grid search, the optimal bandwidths which minimizes AMISE are (h0, h1, h2) =

(0.1653, 0.6065, 0.7408) with AMISE1 = 0.0836, AMISE2 = 0.0338 and the total
AMISE = 0.1174. They are fairly close to the results from the plug-in method which
has the corresponding AMISE = 0.2220 with AMISE1 = 0.1846 and AMISE2 =

0.0373. This suggests that the new plug-in method works well. The estimated µ1(t, z1)
and µ2(t, z2) by both grid search and the plug-in method are compared with the true
functions in Figure ??.

6 Application

The methodology in Section 2 is implemented to the CD4 data from the Multicen-
ter AIDS Cohort Study or MACS (S.Chmiel et al. (1987)). CD4 cells are important to
immune system and often decline when a patient is HIV infected. Thus the amount of
CD4 cells is an important index to monitor AIDS progression.

For this data, there are 2376 observations from 369 men infected with HIV. The
time origin of each subject is the time of seroconversion. Several factors may be related
to the number of CD4 cells, such as age at seroconversion and the level of depression,
which we adopt as two covariates and denote respectively by Z1 and Z2. Here age, Z1, is
time-invariant while depression scores, Z2, are recoded over time (in years) and is thus
longitudinal. Depression is measured by the CESD scale: higher CESD score indicates
more severe depression.

The bandwidths obtained by the plug-in method are (h0, h1, h2) = (0.95, 7.3144,
17.1198). Figure ?? shows that on the average the amount of CD4 cells started to de-
cline two years before seroconversion and then decline sharply around seroconvergence
time until one year later when the decline continues at a slower rate. For the dynamic
component function involving age, the left panel of Figure ?? reveals a strong time dy-
namic feature of the effect of age, suggesting a lack of fit for the simpler model (3)
adopted in the literature. Here we adopt a reversed time scale in Figure ?? for better
graphical effect. After seroconversion (time 0), young people’s CD4 counts decrease
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slower than middle-aged men. One year after seroconversion, CD4 counts of older peo-
ple decline faster than younger and middle-age people. The right panel of Figure ??
suggests that CD 4 counts decline at a faster pace for subjects that are more depressed.

7 Discussion and Conclusion

The model proposed in the paper not only enjoys the flexibility of modeling but
also captures the time-dynamic features of longitudinal data. The estimates for com-
ponent functions in terms of local linear regression and smooth backfitting algorithm
can achieve the oracle bias and variance. The optimal rate of convergence is (nEN)1/3

which is the same as that of a two dimensional local linear smoother for independent
response data. A practical and simple plug-in method for bandwidth choice is provided
and its satisfactory performance is reflected in the simulation.

This paper mainly focuses on fitting the mean function. In fact, functional prin-
cipal component analysis (FPCA) can be conducted afterwards to estimate eigenval-
ues and eigenfunctions. Due to multiple covariates in additive models, mean-adjusted
FPCA (mFPCA) proposed by Jiang and Wang (2010) is a feasible approach.

Model (4) is more general than Model (2) and thus can be used for model check-
ing. The CD4 count data demonstrate this and suggest that existing longitudinal additive
model in the literature, i.e. model (2), does not fit this data. However, if the estimates
of some component functions reveal little dependency on time, Model (4) can be sim-
plified to model (2) such that each of those components is a one dimensional function
depending on a single covariate. A worthy future direction is to derive inference proce-
dure for such a model checking approach.

8 Appendix

8.1 Assumptions and Basic Lemma

Below we collect the assumptions we use to prove the theorems.

(A1) The density function p(t, z) of (T,Z(T )) is supported on [0, 1] × Z1 × · · · × Zd,
continuous and bounded away from zero and infinity.

(A2) The kernel K is symmetric and Lipschitz continuous.

(A3) The component functions µ0(t) and µk(t, zk) for 1 ≤ k ≤ d are twice partially
continuously differentiable on [0, 1] and [0, 1] × Zk, respectively.
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(A4) Ni, 1 ≤ i ≤ n, are i.i.d. copies of N, which may depend on n.

(A5) EeN is bounded.

(A6) The bandwidths hk for 0 ≤ k ≤ d are asymptotic to (nEN)−1/6.

(A7) The conditional second moment E[Y2 |T = t,Z(t) = z] is continuous in t and z on
[0, 1] × Z.

(A8) E|δ11|
k < ∞ for k > 3.

(A1), (A2) and (A3) are typical assumptions in the smoothing literature. (A4)
is used by Yao et al. (2005) and Jiang and Wang (2010). (A5) is useful to control
covariance within subject in the basic lemma below. (A6) assumes that the bandwidths
have the optimal asymptotic rate for two-dimensional smoothing, which is also assumed
in Jiang and Wang (2010). (A7) and (A8) are both useful in the lemma, to control the
main deviation and the tail respectively.

The following lemma is useful for the proof of the theorems. It is for the uniform
convergence of the kernel weighted average

Wn(t, zk) = N−1
s

n∑
i=1

Ni∑
j=1

Kh0,hk(t, zk; Ti j,Zi jk)δi j.

Typically, this kind of results can be derived for independent data by applying an
exponential inequality. A little complication arises in our setting since Ni are ran-
dom variables and δi j are dependent within subjects. Recall that the conditional mean
E(δi j |Ti j,Zi j) equals zero. Thus EWn(t, zk) = 0.

Lemma 1. Assume that (A1)-(A8) hold. Then,

sup
t∈[0,1],zk∈Zk

|Wn(t, zk) | = Op((nEN)−1/3
√

log(nEN)).

Proof. We sketch the proof. Write Ki jk = Kh0,hk(t, zk; Ti j,Zi jk) and let an = nEN. By
Markov inequality and conditioning arguments, it follows that, for a small positive num-
ber α,

P
[
|δi j| ≤ a1/3−α

n for all i, j
]
≥ E

1 − n∑
i=1

Ni∑
j=1

P(|δi j| > a1/3−α
n )


= 1 − anP(|δ11| > a1/3−α

n )

≥ 1 − (const)a1+kα−k/3
n ,
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where k is the number in Assumption (A8). Thus, if we take 0 < α < 1/3 − 1/k,
then with probability tending to one, |δi j| are bounded by a1/3−α

n for all i, j. With (A8),
we can also prove, by conditioning arguments again, that Ea−1

n
∑n

i=1
∑Ni

j=1 Ki jkδi jI(|δi j| >

a1/3−α
n ) = o(a−1/3

n ) uniformly for t, zk ∈ [0, 1] × Zk. These considerations and Lipschitz
continuity of the kernel K give the lemma if we prove

sup
t∈[0,1],zk∈Zk

P

a−1
n

n∑
i=1

Ni∑
j=1

ξi j(t, zk) > Ca−1/3
n

√
log an

 ≤ a−ρ(C)
n , (36)

for some function ρ such that ρ(C) → ∞ as C → ∞, where ξi j(t, zk) = Ki jkδi jI(|δi j| ≤

a1/3−α
n ) − EKi jkδi jI(|δi j| ≤ a1/3−α

n ). This can be shown by applying Markov inequality
again as the left hand side of (36) is bounded by

a−C
n

1 +
1
2

a−4/3
n (log an)E

[
ec1Na−αn (log an)1/2( N∑

j=1

ξ1 j(t, zk)
)2
]

n

≤ a−C
n

[
1 +

1
2

a−4/3
n (log an)E N2ec1Na−αn (log an)1/2

Eξ11(t, zk)2
]n

(37)

≤ ac2−C
n ,

where ci for i = 1, 2 are some absolute constants. The second inequality above follows
from (i) (1 + x)n ≤ enx for all x > −1; (ii) a−1/3

n supt∈[0,1],zk∈Zk
Eξ11(t, zk)2 is bounded;

(iii) E N2ec1Na−αn (log an)1/2
is bounded. Note that (ii) holds by (A7) Also, (iii) follows from

(A5). �

8.2 Proof of Theorem 1

We first define explicitlyH t andH t(M̂) mentioned in Projection Interpretation in
Section 2.2.2. For P(t, z) in (31), define

H t = {f(z) = ( f (z), f1(z), f1,2(z1), . . . , fd,2(zd))> : f (z) =

d∑
k=1

fk(zk),

f1(z) =

d∑
k=1

fk,1(zk), ‖f‖2∗(t) =

∫
f(z)>P(t, z)f(z)dz < ∞}, (38)

and the inner product onH t is defined as, for f, g ∈ H t,

〈f, g〉∗(t) =

∫
f(z)>P(t, z)g(z)dz.
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For M̂(t, z) in (24), define

H t(M̂) = {f(z) = ( f (z), f1(z), f1,2(z1), . . . , fd,2(zd))> : f (z) =

d∑
k=1

fk(zk),

f1(z) =

d∑
k=1

fk,1(zk), ‖f‖2M̂(t)
=

∫
f(z)>M̂(t, z)f(z)dz < ∞}. (39)

and the inner product onH t(M̂) is defined as, for f, g ∈ H t(M̂),

〈f, g〉M̂(t) =

∫
f(z)>M̂(t, z)g(z)dz.

Recall from Section 2.2.2 the (d + 2)-dimensional vectors of the function estima-
tors m̂, µ̂k for 0 ≤ k ≤ d and m̂k for 1 ≤ k ≤ d are respectively defined in (28), (18),
(20) and (22). As we discussed there, taking the constraints (12) into consideration,∑d

k=1 µ̂k(t, ·) can be regarded as the projection of (m̂(t, ·)− µ̂0(t)) onto a space of additive
functionsH0t(M̂) defined as

H0t(M̂) = {f ∈ H t(M̂) :
∫

(1, 0>d+1)M̂(t, z)fk(z) dz = 0.}

where fk = ( fk, fk,1, 0>k−1, fk,2, 0>d−k)
>.

To treat the individual components µ̂k, we consider the following closed subspaces
ofH0t(M̂): for 1 ≤ k ≤ d

H0t
k (M̂) = {f ∈ H0t(M̂) : f(z) = ( f (zk), f1(zk), 0>k−1, f2(zk), 0>d−k)

>}.

Thus,H0t(M̂) = H0t
1 (M̂) + · · ·+H0t

d (M̂). DefineH0t andH0t
k , likewise, from the space

H t equipped with the norm ‖ · ‖∗(t). Let Π̂t
k denote the projection operator ontoH0t

k (M̂).
Likewise, define Πt

k for H0t
k . It can be verified that Π̂t

k(m̂(t, ·)) = Π̂t
k(m̂(t, ·) − µ̂0(t)) =

m̂k(t, ·) − µ̂0(t). Put Φ̂t = (I − Π̂t
d) × · · · × (I − Π̂t

1) and Φt = (I − Πt
d) × · · · × (I − Πt

1).
As in the proof of Theorem 1 in Mammen et al. (1999), we can verify that there

exists a function γ such that 0 < γ(t) < 1 and

sup { ‖Φtf‖2∗(t) : f ∈ H0t and ‖f‖2∗(t) ≤ 1 } ≤ γ(t)

for all t ∈ [0, 1]. To prove the theorem, we only show:

(i) γ is bounded on [0, 1];

(ii) supt∈I0
sup{‖Φ̂t − Φt)f‖2

∗(t) : f ∈ H0t(M̂) and ‖f‖2
∗(t) ≤ 1 }

p
→ 0;

21



(iii) supt∈[0,1] sup{‖Φ̂t−Φt)f‖2
∗(t) : f ∈ H0t(M̂) and ‖f‖2

∗(t) ≤ 1 } is bounded in probability.

The other details of the proof can be done using standard theory of local polynomial
smoothing and projection as in Mammen et al. (1999).

To prove (i), we first note that

γ(t) = 1 −
d−1∏
k=1

sin2(ak(t))

where ak(t) is the minimal angle between the two subspacesH0t
k and S 0t

k ≡ H
0t
k+1 + · · ·+

H0t
d , that is

cos(ak(t)) = sup
(f,g)∈L(t)

〈f, g〉∗(t)
‖f‖∗(t) · ‖g‖∗(t)

,

where L(t) = {(f, g) : f ∈ H0t
k ∩ (H0t

k ∩ S 0t
k )⊥, g ∈ S 0t

k ∩ (H0t
k ∩ S 0t

k )⊥}.
It is sufficient to prove that cos(ak(t)) is continuous in t, which implies (i). In fact,

we first note that, if f ∈ H0t
k for some t, then f ∈ H0t′

k for all other t′. This follows from
the fact that the density ratio p(t′, z)/p(t, z) is bounded in t and z. Also, we note that
H0t

k ∩ S 0t
k = {0d+2}. Thus, the set L(t) actually does not depend on t. Let us call it now

L. Let t0 be an arbitrary point in [0, 1]. We get

| cos(ak(t)) − cos(ak(t0))|

≤ sup
(f,g)∈L

∣∣∣∣∣∣
∫

f(z)>Dg(z)
(

p(z|t)
‖f‖∗(t)‖g‖∗(t)

−
p(z|t0)

‖f‖∗(t0)‖g‖∗(t0)

)
dz

∣∣∣∣∣∣
= sup

(f,g)∈L

∣∣∣∣∣∣
∫

f(z)>Dg(z)
‖f‖∗(t0)‖g‖∗(t0)

p(z|t0)
[(
‖f‖∗(t0)‖g‖∗(t0)

‖f‖∗(t)‖g‖∗(t)
− 1

) (
p(z|t)
p(z|t0)

− 1
)

+

(
‖f‖∗(t0)‖g‖∗(t0)

‖f‖∗(t)‖g‖∗(t)
− 1

)
+

(
p(z|t)
p(z|t0)

− 1
)]

dz
∣∣∣∣∣∣, (40)

where D is defined in (31). Since p(z|t)/p(z|t0)→ 1 as t → t0 uniformly for z, it follows
that

sup
(f,g)∈L

∣∣∣∣∣∣ ‖f‖∗(t0)‖g‖∗(t0)

‖f‖∗(t)‖g‖∗(t)
− 1

∣∣∣∣∣∣ → 0 as t → t0,

and consequently the right hand side of (40) tends to zero as t → t0. Therefore,
cos(ak(t)) is continuous in t and thus (i) holds.

To prove (ii) and (iii), it suffices to show that for each 1 ≤ k ≤ d

sup
t∈I0

sup{‖Π̂t
k − Πt

k)f‖
2
∗(t) : f ∈ H0t(M̂) and ‖f‖2∗(t) ≤ 1 } = op(1), (41)

sup
t∈[0,1]

sup{‖Π̂t
k − Πt

k)f‖
2
∗(t) : f ∈ H0t(M̂) and ‖f‖2∗(t) ≤ 1 } = Op(1). (42)
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We first note that, for f ∈ H0t(M̂),

Π̂t
k(f) = fk +

∑
l,k

∫
M̂kk(t, ·)−1M̂kl(t, ·, zl)fl(zl) dzl.

On the left hand side f = (
∑d

l=1 fl,
∑d

l=1 fl,1, f1,2, . . . , fd,2)> is (d + 2)−dimensional while
on the right hand side fl = ( fl, fl,1, fl,2)> for 1 ≤ l ≤ d are three-dimensional. Π̂t

k(f)
is considered to be the three-dimensional representation of the corresponding (d +

2)−dimensional vector of functions in H0t
k (M̂). For the projection Πt

k we have the rep-
resentation

Πt
k(f) = fk +

∑
l,k

∫
J · fl(zl)

pkl(·, zl|t)
pk(·|t)

dzl,

where J is a 3 × 3 diagonal matrix with entries (1, 1, 0). This implies J · fl(zl) =

( fl(zl), fl,1(zl), 0)>. Using Minkowski and Cauchy-Schwarz inequalities, we can prove
for all f = f1 + · · · + fd ∈ H

0t(M̂) that

‖(Π̂t
k − Πt

k)f‖∗(t) ≤
∑
l,k

‖fl‖∗(t)

[∫
‖Qkl(t, zk, zl)‖2HS pk(zk|t)pl(zl|t) dzk dzl

]1/2

,

where ‖A‖HS for a matrix A denotes the Hilbert-Schmidt norm of A and

Qkl(t, zk, zl) =
M̂kk(t, zk)−1M̂kl(t, zk, zl)

pl(zl|t)
− J

pkl(zk, zl|t)
pk(zk|t)pl(zl|t)

. (43)

By the standard theory of kernel smoothing (standard method of local polynomial
smoothing?) and a three-dimensional extension of Lemma 1 with δi j replaced by 1 ,
one can verify

sup
t∈I0,zk∈Ik ,zl∈Il

|Qkl(t, zk, zl)| = op(1), sup
t∈[0,1],zk∈Zk ,zl∈Zl

|Qkl(t, zk, zl)| = Op(1). (44)

This establishes (41) and (42).

8.3 Proof of Theorem 2

Let ∆1n = (nEN)−1/3. Arguing as in the proof of Theorem 2 in Mammen et al.
(1999), the theorem follows if we prove

sup
t∈I0,zk∈Ik

∣∣∣∣∣∣
∫

M̂kk(t, zk)−1M̂kl(t, zk, zl)m̂A
l (t, zl) dzl

∣∣∣∣∣∣ = op(∆1n), (45)

sup
t∈I0

∫ ∣∣∣∣∣∣
∫

M̂kk(t, zk)−1M̂kl(t, zk, zl)m̂A
l (t, zl) dzl

∣∣∣∣∣∣2 p(zk|t) dzk = op(∆2
1n), (46)
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where m̂A
l = (m̂A

l,0, m̂
A
l,1, m̂

A
l,2)> on the left hand sides denote the three-dimensional ver-

sions of their original definitions given in (33).The integral on the left hand side of (45)
equals

rn1(t, zk) + rn2(t, zk) ≡
∫

Qkl(t, zk, zl)m̂A
l (t, zl)pl(zl|t) dzl +

∫
J · m̂A

l (t, zl)
pkl(zk, zl|t)

pk(zk|t)
dzl,

where Qkl(t, zk, zl) is defined in (43) and J is a 3×3 diagonal matrix with entries (1, 1, 0).
Let ∆2n = (nEN)−1/3

√
log(nEN) and ∆3n = (nEN)−5/12

√
log(nEN). By Lemma 1,

it follows that supt,∈[0,1],zl∈Zl
|m̂A

l (t, zl)| = Op(∆2n). This together with (44) gives

sup
t∈I0,zk∈Ik

|rn1(t, zk)| = op(∆1n), sup
t∈I0

∫
|rn1(t, zk)|2 p(zk|t) dzk = op(∆2

1n). (47)

To treat rn2, define rn2,a(t, zk) for a = 1, 2 by

rn2,a(t, zk) = N−1
s

n∑
i=1

Ni∑
j=1

Kh0(t; Ti j)δi j

∫
Ra(t, zl)vi jl(t, zl)Khl(zl, Zi jl)

pkl(zk, zl|t)
pk(zk|t)

dzl,

where R1(t, zl) = J(M̂−1
ll (t, zl) − J−1

∗ pl(zl|t)−1), R2(t, zl) = JJ−1
∗ pl(zl|t)−1 and J∗ is a 3 × 3

diagonal matrix with entries 1,
∫

u2K(u) du,
∫

u2K(u) du. Note that rn2 = rn2,1 + rn2,2.
Arguing as in the derivation of (47), we can prove (47) with rn1 replaced by rn2,1. By
change of variables, we have∫

vi jl(t, zl)Khl(zl, Zi jl)
pkl(zk, zl|t)

pk(zk|t)
dzl

=

∫
(1, (Ti j − t)/h0, u)>

 pkl(zk,Zi jl + uhl|t)

pk(zk|t)
∫

Khl(x − Zi jl − uhl) dx

 K(u) du,

which is a vector of random variables that depend only on (Ti j,Zi j) and are bounded
by a constant uniformly for (i, j). Applying a univariate version of Lemma 1, we get
supt∈[0,1],zk∈Zk

|rn2,2(t, zk)| = Op(∆3n). This implies that (47) holds with rn1 replaced by
rn2,2 as well, which completes the proofs of (45) and (46).

8.4 Proof of Theorem 3

Let m̂B(t, z) be a version of the full-dimensional local linear estimator m̂(t, z) ob-
tained by substituting m(Ti j,Zi j) for Yi j. In other words, m̂B(t, z) is the solution to equa-
tion (28) with Yi j replaced by m(Ti j,Zi j). Recall that µ̂B

k (t, ·) are obtained by projecting
m̂B(t, ·) − µ̂B

0 (t) ontoH0t(M̂) and also that m(t, z) = (m(t, z),m1(t, z),m1,2(t, z), . . . ,
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md,2(t, z))>, where m1(t, z) = h0∂m(t, z)/∂t and mk,2(t, z) = hk∂m(t, z)/∂zk. Define

µ̃B,1(t, z) = M̂(t, z)−1 1
Ns

n∑
i=1

Ni∑
j=1

1
2

vi j(t, z)Kh(t, z; Ti j,Zi j)
(Ti j − t

h0

)2 (
∂2µ0(t)
∂t2

)
h2

0

+

d∑
l=1

(
Ti j − t

h0

)2 (
∂2µl(t, zl)
∂t2

)
h2

0 +

d∑
l=1

(
Zi jl − zl

hl

)2 (
∂2µl(t, zl)
∂z2

l

)
h2

l


µ̃B,2(t, z) = m̂B(t, z) −m(t, z) − µ̃B,1(t, z)

where M̂(t, z) is defined in (24). By the Taylor expansion of m(Ti j,Zi j) = µ0(Ti j) +∑d
l=1 µl(Ti j,Zi j) at (t, z), it follows that

µ̃B,2(t, z) = M̂(t, z)−1 1
Ns

n∑
i=1

Ni∑
j=1

vi j(t, z)Kh(t, z; Ti j,Zi j)ηni j(t, z), (48)

where the random variable ηni j(t, z) satisfy supi, j supt∈[0,1],z∈Z |ηni j(t, z)| ≤ εn∆1n for some
real sequence εn converging to zero. Let µ̂B, j

k (t, ·) for j = 1, 2 be the solution of the
smooth backfitting equation (27) with m̂k(t, ·)− µ̂0(t) replaced by Π̂t

k(µ̃
B, j(t, ·)). Arguing

as in the proof of Theorem 2 and using (48), we can show

sup
t∈I0,zk∈Ik

| µ̂B,2
k (t, zk) | = op(∆1n).

Thus it suffices to show

sup
t∈I0,zk∈Ik

| µ̂B,1
k (t, zk) − βk(t, zk) | = op(∆1n), (49)

where βk(t, zk) = βk(t, zk)11 and βk(t, zk) and 11 are respectively defined in (34) and
(19). We first note that, for a (d + 2)-dimensional vector of d-variate functions f(z) =

( f (z), f1(z), f1,2(z), . . . , fd,2(z))>, the three-dimensional representation of the projection
of f ontoH0t

k (M̂) is given by

Π̂t
k(f)(zk) = M̂kk(t, zk)−1

∫
J>k M̂(t, z)f(z) dz−k − ĉk(t)1∗,

where 1∗ = (1, 0, 0)> and Jk is defined in (19). We can determine ĉk(t) such that the first
entry of

∫
M̂kk(t, zk)Π̂t

k(f)(zk) dzk equals zero. In fact, ĉk(t) = p̂T (t)−1
∫

1>1 M̂(t, z)f(z) dz
for all 1 ≤ k ≤ d. To get the uniform approximation (49), we use the uniqueness of
µ̂B,1

k (t, ·) and the fact Π̂t
k(µ̃

B,1(t, ·) −
∑d

k=1 µ̂
B,1
k (t, ·)) = 03 for 1 ≤ k ≤ d. We have

M̂kk(t, zk)−1
∫

J>k M̂(t, z)µ̃B,1(t, z) dz−k

= 1∗
1
2

(∫
u2K(u) du

) [
h2

0
∂2µ0(t)
∂t2 + h2

0
∂2µk(t, zk)

∂t2 + h2
k
∂2µk(t, zk)

∂z2
k

+
∑
l,k

∫
pkl(t, zk, zl)

pk(t, zk)

(
h2

0
∂2µk(t, zl)

∂t2 + h2
l
∂2µl(t, zl)
∂z2

l

)
dzl

 + op(∆1n)
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uniformly for t ∈ I0 and zk ∈ Ik. Note that J is a 3 × 3 diagonal matrix with entries
1, 1, 0. Then, we also obtain

M̂kk(t, zk)−1
∫

J>k M̂(t, z)
d∑

l=1

µ̂B,1
l (t, zl) dz−k

= µ̂B,1
k (t, zk)[1 + op(1)] +

∑
l,k

∫
pkl(t, zk, zl)

pk(t, zk)
Jµ̂B,1

l (t, zl) dzl[1 + op(1)]

uniformly for t ∈ I0 and zk ∈ Ik, where µ̂B,1
l for 1 ≤ l ≤ d on the right hand side of the

equation denote the three-dimensional representations of µ̂B,1
l on the left hand side. For

the correction term ĉk(t), we have ĉk(t) = c(t) + op(∆1n) uniformly for t ∈ I0, where

c(t) =
1
2

(∫
u2K(u) du

) h2
0
∂2µ0(t)
∂t2 +

d∑
l=1

∫
pl(zl|t)

(
h2

0
∂2µl(t, zk)

∂t2 + h2
l
∂2µl(t, zk)

∂z2
l

)
dzl

 .
Comparing the two expressions of Π̂t

k(µ̃
B,1(t, ·)) and Π̂t

k(
∑d

l=1 µ̂
B,1
l (t, ·)), we conclude (49).

8.5 Proof of Theorem 4

The theorem follows from Theorems 2 and 3 and derivation of the joint asymptotic
distribution of m̂k(t, zk).
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